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Cubic Surfaces

Algebraic Varieties

A cubic polynomial in 4 variables defines a cubic surface in PA3.

We want the surface to be smooth -> 27 lines

We want the field to be finite: Fq -> 27 lines or less.

We want to classify all surfaces up to isomorphism.

* Previous work: Betten/Karaoglu 2019 (27 lines, g <= 97).



The Clebsch Cubic Surface
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Cubic Surfaces

e Geometric Invariants:

* An Eckardt point is a point on the surface where three lines are
concurrent (first studied by Eckardt in 1876).



The Clebsch Cubic Surface

Eckardt
point



Schlafli Double Six

« A Schlafli double six is two sets of six lines each, say at,...,a6,
b1,...,b6 such that ai and bj intersect if and only if i <> |.

 Notation:
ail a2 a3 a4 ab a6

b1 b2 b3 b4 b5 b6

* A Schlafli double six determines a unique cubic surface with 27
lines. Conversely, a cubic surface with 27 lines determines 36
double sixes.



Eckardt Points




Properties

e The ai lines are shown in red
* The bj lines are shown in blue

* There are 15 further lines, shown in yellow.

- These are the cij-lines, where c¢;; = a;b; N a;b;.

* The Eckardt points are shown in Turgquoise.
* There are at most 45 Eckardt points.

» Eckardt points are related to tritangent planes.



Classification

 Classification by substructure or related object:

 Identify a related object that is easier to classify.

* Then lift the classification from one class of objects to the other.
 Example: Cubic surface -> double six

e double six -> five-plus-one

e Cubic surface -> six-arc

 Quartic curve -> cubic surface



Classification of Combinatorial Objects

* A combinatorial object is an object for which the isomorphism
question can be settled by using isomorphism of 0,1-matrices.

 Example: designs, graphs, sets in projective space

* Not a combinatorial object: algebraic varieties.



Canonical Forms

* Any class of combinatorial object can be classified by using
canonical forms.

e Canonical forms can be computed by reducing canonical forms
of 0,1-matrices to canonical forms of bipartite graphs.

e Canonical forms of graphs (possibly with vertex partitions) can
be done by using graph theoretic tools like Brendan McKay’s
software Nauty.

e Canonical forms do not work well for cubic surfaces, as the

required graphs are simply too big. So, using related objects is
better.



Quartic Curves

« Smooth Quartic curves are related to smooth cubic surfaces.

* Given a cubic surface with 27 lines, and a point P not on any
line, we can project along the polar cone onto a plane to get a
quartic curve.

 The 27 lines of the surface become bitangents. The tangent
plane at P becomes a bitangent as well. This gives all 28
bitangents.

* We can use a hybrid method to classify quartic curves.



Quartic Curves

* Let q be a prime power.
» Classify all smooth cubic surfaces over Fq.

* For each surface, and for each point not on any line, form the associated quartic
curve.

» Let us call a pair of a cubic surface and a quartic curve related if there is a point
P on the surfaces s.t. the projection along the polar cone results in the quartic
curve.

* To perform the classification, we need the flag orbits.

* So, for a given isomorphism type of cubic surface, we may limit us to consider
only the orbits on points not on lines.

* Once done, we identify the isomorphism types of quartic curves from these flag
orbits by using canonical forms (Nauty).



Results

* Together with my coauthors (Alazemi and Karaoglu) we were able
to extend the classification of quartic curves from g=19 to all g
<= 49.

* This raises an issue: how to present the objects in a form that is
reasonably compact?

 |dea: use Normal forms.



Normal Forms

A normal form is a description involving parameters such that
every object of a given type has a description in the given form,
up to isomorphism.

 Example:

e In 2022, Betten and Karaoglu give a normal form for cubic
surfaces with 27 lines.

* Previous normal forms were given by Cayley (in the 19th century)
and other researchers.

e But: not all of these normal forms work over finite fields.



Normal Form (B+Karaoglu 2022)

F_a,b,c,d normal form for any cubic surface (with 27 lines)

ma

abcd eqn="-(a*b*c - a*b*d - a*c*d + b*c*d + a*d - b*c)*(b - d)*X0"2*X2 \
(a*b*c - a*b*d - a*c*d + b*c*d + a*d - b*c)*(a + b - c - d)*X0*X1*X2 \
(a”2*c - a”2*d - a*c”2 + b*c"2 + a*d - b*c)*(b - d)*X0*X1*X3 \

- (a*d - b*c)*(a*b*c - a*b*d - a*c*d + b*c*d + a*d - b*c)*Xe*X2"2 \

- (a”2*c*d - a*b*c"2 - a"2*d + a*b*d + b*c”2 - b*c*d)*(b - d)*X@*X2*X3 \
- (a - c)*(a*b*c - a*b*d - a*c*d + b*c*d + a*d - b*c)*X172*X2 \

- (a - c)*(a*b*c - a*b*d - a*c*d + b*c*d + a*d - b*c)*X172*X3 \

+ (a*d - b*c)*(a*b*c - a*b*d - a*c*d + b*c*d + a*d - b*c)*X1*X2"2 \

+ ((1+1)*a”2*b*c*d - a"2*b*d"2 - (1+1)*a"2*c*d" 2 \

- (1+1)*a*b"2*c”2 + a*b"2*c*d + (1+1)*a*b*c”2*d + a*b*c*d 2 \

- b"2*c”2*d - a”2*b*c + a"2*c*d + a"2*d”2 + a*b"2*c + a*b*c”2 \

- (1+1+141)*a*b*c*d - a*c”2*d + a*c*d"2 + b 2*c”2)*X1*¥X2*X3 \

+ c*a*(a*d - b*c - a + b+ c - d)*(b - d)*X1*X3/2"

+ +



Normal Forms (New)

Quartic curve with 28 bitangents:

Theorem 1 Any smooth quartic curve over a field F has a representation as
Capede.f(®1,22,23) with a,b,c,d,e, f € F, where Cqpcde. f 1S given as

sVU,0, . ’

E Cijkl LiLjT ]
1<j<k<l

where...

cii1n1 = (a—c)*(abe — abd — acd + bed + ad — be)*(pa + p3)?



ciiiz = 4((abc — abd — acd + bed + ad — be)(a+ b — ¢ — d)pop2
+(a’c — a®d — ac* + bc? + ad — be) (b — d)pops
—2(a — ¢)(abc — abd — acd 4 bed + ad — be)pypo
—2(a — ¢)(abc — abd — acd + bed + ad — be)pips
+(ad — bc)(abe — abd — acd + bed + ad — be)ps
+(2a*bed — a”bd? — 2a*cd® — 2ab*c? + ab*cd + 2abc?d
+abed? — b2ctd — a®be + a’cd + a?d? + ab’c + abc? — 4abed — ac?d + acd? + b%c?)paps
+ca(ad —bc —a+b+c—d)(b—d)p3)(a — ¢)(abc — abd — acd + bed + ad — be)
+2((abc — abd — acd + bed + ad — be)(a+ b — ¢ — d)po
—2(a — ¢)(abc — abd — acd + bed + ad — be)py
+2(ad — be)(abe — abd — acd + bed + ad — be)po
+(2a°bed — a?bd? — 2a%cd? — 2ab*c?® + ab’cd
+2abc?d + abed® — b c?d — a”be + a’cd + a*d?
+ab’c + abc® — 4abed — ac’d + acd?
+b%c?)p3)(—(a — ¢)(abc — abd — acd + bed + ad — be)po
—(a — ¢)(abe — abd — acd + bed + ad — be)ps)



4((abc — abd — acd + bed 4+ ad — be)(a + b — ¢ — d)pop2

—|—(a2c —a%d — ac® + bc? + ad — be)(b — d)pops

—2(a — ¢)(abc — abd — acd + bed + ad — be)pypo

—2(a — ¢)(abc — abd — acd + bed + ad — be)pyps

+(ad — be)(abe — abd — acd + bed + ad — bc)pg

+(2a%bed — a?bd? — 2a*cd? — 2ab*c?® + ab®cd + 2abc*d

+abcd® — b*c*d — a®be + a*cd + a*d® + ab’c + abc?

—4abed — ac*d + acd? + b*c?)paps

+calad —bc —a+b+c—d)(b—d)p3)(a — c)(abc — abd — acd + bed + ad — be)
+2((a*c — a*d — ac® + be* 4 ad — be) (b — d)pg

—2(a — ¢)(abc — abd — acd + bed + ad — be)py

+(2a*bed — a*bd? — 2a%cd?® — 2ab*c* + ab®cd + 2abc*d + abed?

—b%c?d — a’be + a’ed + a®d? + ab®c + abe® — dabed — ac’d + acd® + bzcz)pz
+2ca(ad —bc—a+b+c—d)(b—d)ps3)(—(a — ¢)(abc — abd — acd + bed + ad — be)ps
—(a — ¢)(abc — abd — acd + bed + ad — be)ps)

C1113



ci122 = 4(—(abc — abd — acd + bed + ad — be) (b — d)p?
+(abc — abd — acd + bed + ad — be)(a + b — ¢ — d)popr
—2(ad — bc)(abe — abd — acd + bed + ad — be)pops
—(acd — abc? — a*d + abd + bc? — bed) (b — d)pops
—(a — ¢)(abc — abd — acd + bed + ad — be)p?
+2(ad — be)(abe — abd — acd + bed + ad — be)pypa
+(2a%bed — a®bd? — 2a*%cd? — 2ab*c?® + ab*cd + 2abc?d
+abcd® — b*c*d — a*be + a*cd + a*d? + ab*c + abc?
—4abed — ac?d + acd? + b%c?)p1ps3)
(a — ¢)(abc — abd — acd + bed + ad — be)
—4((abc — abd — acd + bed + ad — be)(a + b — ¢ — d)pop2
+(a2c — a’d — ac® + be® + ad — be)(b — d)pops
—2(a — ¢)(abc — abd — acd + bed + ad — be)pypo
—2(a — c¢)(abc — abd — acd + bed + ad — be)pyps
+(ad — be)(abe — abd — acd + bed + ad — be)ps
+(2a*bed — a®bd? — 2a%cd® — 2ab*c® + ab®cd
+2abc?d + abed® — b*c*d — a®be + a’cd + a*d?
+ab?c + abc® — dabed — ac’d + acd? + b*c?)payps
+ca(ad —bc — a + b+ ¢ — d) (b — d)p3)(ad — bc)
(abc — abd — acd + bed + ad — be)
+2(—(ad — be)(abe — abd — acd + bed + ad — be)po
+(ad — be)(abe — abd — acd + bed + ad — be)p,)
(—(a — ¢)(abe — abd — acd + bed + ad — be)po
—(a — ¢)(abc — abd — acd + bed + ad — be)ps)
+((abe — abd — acd + bed + ad — be)(a + b — ¢ — d)pg
—2(a — ¢)(abc — abd — acd + bed + ad — be)py
+2(ad — be)(abe — abd — acd + bed + ad — be)ps
+(2a%bed — abd? — 2a%cd? — 2ab*c? + abcd + 2abc’d
+abed® — b%c*d — a*be + a*cd + a*d? + ab’c
+abc® — 4abed — ac’d + acd® + b*c*)ps3)?



C1123

4((a*c — a®d — ac® + bc? + ad — be) (b — d)pops

—(a?cd — abc® — a%d + abd + bc? — bed) (b — d)pop2

—(a — ¢)(abc — abd — acd + bed + ad — be)p?

+(2a%bed — a®bd?* — 2a*cd® — 2ab*c* + ab®cd + 2abc®d + abed?

—b%c?d — a®be + a’cd + a®d? + ab®c + abc® — 4abed — ac’d + acd® + b2?)pips
+2ca(ad —bec —a+b+ ¢ —d)(b— d)p1p3)(a — ¢)(abe — abd — acd + bed + ad — be)
+4(—(abe — abd — acd + bed + ad — be) (b — d)pg

+(abe — abd — acd + bed + ad — be)(a + b — ¢ — d)popy

—2(ad — be)(abe — abd — acd + bed + ad — be)pop2

—(a*cd — abc® — a*d + abd + bc® — bed)(b — d)pops

—(a — ¢)(abc — abd — acd + bed + ad — be)p?

+2(ad — be)(abe — abd — acd + bed + ad — be)pypy

+(2a%bed — a*bd? — 2a%cd® — 2ab*c* + ab’cd + 2abc*d + abed? — b c*d

—a®be + a*cd + a*d® + ab®c + abc? — 4abed — ac’d + acd? + b*c?)pips3)

(a — ¢)(abc — abd — acd + bed + ad — be)

—4((abe — abd — acd + bed 4+ ad — be)(a + b — ¢ — d)pop2

+(a’c — a*d — ac® + bc? + ad — be) (b — d)pops

—2(a — ¢)(abc — abd — acd + bed + ad — be)pypo

—2(a — ¢)(abc — abd — acd + bed + ad — be)pips

+(ad — be)(abe — abd — acd + bed + ad — be)ps

+(2a%bed — a*bd? — 2a%cd® — 2ab*c* + ab®cd + 2abc*d + abed? — b c*d

—a?be + a’cd + a?d? + ab®c + abc? — 4abed — ac?d + acd? + b*c?)payps

+ca(ad — bc — a + b+ ¢ — d)(b — d)p3) (2a*bed — a®bd® — 2a*cd?

—2ab*c® + ab*cd + 2abc*d + abed® — b*c*d — a*be + a®cd

+a?d® + ab®c + abc? — 4abed — ac’d + acd® + b2c?)

+2(—(a%ed — abe? — a?d + abd + be? — bed) (b — d)po

+(2a%bed — a?bd? — 2a%cd® — 2ab*c? + ab®cd + 2abc?d + abed?

—b*c*d — a’be + a’cd + a®d* + ab’c + abc® — dabed — ac’d

+acd® + b*c*)p1)(—(a — ¢)(abc — abd — acd + bed + ad — be)pa

—(a — ¢)(abc — abd — acd + bed + ad — be)ps)

+2((a*c — a*d — ac® + bc* + ad — be) (b — d)po — 2(a — ¢)(abe — abd — acd + bed + ad — be)py
+(2a*bed — a*bd?* — 2a*cd® — 2ab*c* + ab®cd + 2abc*d + abed?

—b%c?d — a®be + a’cd + a®d® + ab®c + abc? — 4abed — ac’d + acd® + b*c?)p,
+2ca(ad —be—a+ b+ ¢ —d)(b— d)p3)((abe — abd — acd + bed + ad — be)(a + b — ¢ — d)pg
—2(a — ¢)(abc — abd — acd + bed + ad — be)py

+2(ad — bc)(abe — abd — acd + bed + ad — be)ps

+(2a%bed — a®bd?* — 2a*cd® — 2ab*c* + ab®cd + 2abc*d + abed?

—b%ctd — a’be + a’cd + a?d? + ab’c + abe? — 4abed — ac?d + acd? + b2c?)p3)



C1133 = 4((a2c —a’d — ac® + be? + ad — be) (b — d)pop1
—(a*cd — abc® — a*d + abd + bc? — bed) (b — d)pop2
—(a — ¢)(abc — abd — acd + bed + ad — be)p?
+(2a%bed — a®bd? — 2a%cd?® — 2ab*c® + ab®cd + 2abc*d + abed?
—b%c?d — a®be + a’cd + a*d? + ab*c + abc? — 4abed — ac’d + acd® + bzcz)plpg
+2ca(ad —bc—a+b+c—d)(b—d)pip3)
(a — c¢)(abc — abd — acd 4 bed + ad — be)
—4((abe — abd — acd + bed + ad — be)(a + b — ¢ — d)popo
+(a%c — a*d — ac* + bc® + ad — be) (b — d)pops
—2(a — ¢)(abe — abd — acd + bed + ad — be)pyps
—2(a — ¢)(abe — abd — acd + bed + ad — be)pips
+(ad — be)(abe — abd — acd + bed + ad — be)ps
+(2a%bed — a®bd? — 2a*cd?® — 2ab*c® + ab®cd + 2abc*d + abed® — b*c*d
—a®be + a*cd + a*d® + ab*c + abc® — dabed — ac?d + acd® + b*c*)paps
+ca(ad —bc —a+b+c—d)(b—d)p3)calad —bc —a+b+c —d)(b—d)
+2calad —bc—a+b+c—d)(b—d)px
(—(a — ¢)(abc — abd — acd + bed 4 ad — be)ps
—(a — ¢)(abc — abd — acd + bed + ad — be)ps)
+((a*c — a*d — ac® + bc® + ad — be) (b — d)po
—2(a — ¢)(abc — abd — acd + bed + ad — be)py
+(2a%bed — a®bd? — 2a*cd?® — 2ab*c® + ab®cd + 2abc*d + abed?
—b%c?d — a?bc + a’cd + a%d? + ab’c + abc? — 4abed — ac’d + acd? + b2 c?)p,
+2ca(ad —bc —a+b+c—d)(b— d)p3)?



c1200 = —4(—(abc — abd — acd + bed + ad — be) (b — d)pg
+(abc — abd — acd + bed + ad — be)(a + b — ¢ — d)popr
—2(ad — be)(abe — abd — acd + bed + ad — be)pops
—(a*cd — abc® — a*d + abd + bc® — bed) (b — d)pops
—(a — ¢)(abc — abd — acd + bed + ad — be)p?
+2(ad — be)(abe — abd — acd + bed + ad — be)pip2
+(2a%bed — a?bd? — 2a’%cd? — 2ab®c? + ab?cd + 2abc?d + abed?
—b%*c*d — a®be + a’cd + a*d? + ab’c + abc® — 4abed — ac’d + acd® + b*c*)p1p3)
(ad — be)(abe — abd — acd + bed + ad — be)
+2(—(ad — be)(abe — abd — acd + bed + ad — be)pg
+(ad — be)(abe — abd — acd + bed + ad — be)p,)
((abc — abd — acd + bed + ad — be)(a + b — ¢ — d)po
—2(a — ¢)(abc — abd — acd + bed + ad — be)py + 2(ad — be)(abe — abd — acd + bed 4 ad — be)ps
+(2a®bed — a”bd? — 2a*cd® — 2ab*c® + ab*cd + 2abcd + abed?
—b%c?d — a’be + a’cd + a%d? + ab’c + abc? — 4abed — ac?d + acd® + b%c?)p3)



c1203 = —4((a*c—a*d —ac® + bc? + ad — be) (b — d)pop:
—(a*cd — abc® — a*d + abd + bc* — bed) (b — d)pop2
—(a — ¢)(abc — abd — acd + bed + ad — be)p?
+(2a*bed — a®bd* — 2a*cd® — 2ab*c? + ab’cd + 2abc*d + abed?
—b%c*d — a®be + a’cd + a®d* + ab’c + abc® — dabed — ac’d + acd® + b*c*)p1p2
+2ca(ad —bc — a+ b+ ¢ — d)(b— d)p1ps3)(ad — be)(abe — abd — acd + bed + ad — be)
—4(—(abc — abd — acd + bed + ad — be) (b — d)p?
+(abe — abd — acd + bed + ad — be)(a + b — ¢ — d)popy
—2(ad — bc)(abe — abd — acd + bed + ad — be)pop2
—(a*cd — abc? — a*d + abd + bc® — bed) (b — d)pops
—(a — ¢)(abc — abd — acd + bed + ad — be)p?
+2(ad — be)(abe — abd — acd + bed + ad — be)ppo
+(2a%bed — a®bd® — 2a*cd?® — 2ab*c? + ab’cd + 2abc?d + abed? — b*c*d — a’be
+a’cd + a*d® + ab*c + abc® — 4abed — ac’d + acd® + b*c®)p1p3)
(2a*bed — a*bd? — 2a*cd® — 2ab*c?® + ab®*cd + 2abc*d + abed?
—b%c?d — a®be + a’cd + a*d? + ab’c + abc® — dabed — ac’d + acd® + b*c?)
+2(—(a*cd — abc* — a*d + abd + bc® — bed) (b — d)po
+(2a%bed — a?bd? — 2a%cd? — 2ab*c? + ab’cd + 2abc?d + abed? — b*c?d
—a’be + a’cd + a*d* + ab*c + abc® — 4abed — ac’d + acd® + b*c?)p,)
((abc — abd — acd + bed + ad — be)(a + b — ¢ — d)po
—2(a — ¢)(abe — abd — acd + bed + ad — be)py
+2(ad — be)(abe — abd — acd + bed + ad — be)p,
+(2abed — a®bd? — 2a%cd® — 2ab*c® + ab®cd + 2abc*d + abed® — b*c*d
—a’be + a’cd + a*d* + ab*c + abc® — 4abed — ac’d + acd® + b*c?)p3)
+2(—(ad — bc)(abe — abd — acd + bed + ad — be)pg
+(ad — be)(abe — abd — acd + bed + ad — be)p, ) ((a®c — a?d — ac? + be? + ad — be) (b — d)py
—2(a — ¢)(abe — abd — acd + bed + ad — be)py
+(2abed — a®bd? — 2a%cd® — 2ab*c® + ab®cd + 2abc*d + abed?® — b*c*d
—a®be + a*cd + a*d* + ab®c + abc® — 4abed — ac’d + acd?® + b*c?)p,
+2ca(lad —bc—a+b+c—d)(b—d)p3)



C1233 = —4((a2c —a%d — ac® + bc® + ad — be) (b — d)pop1
—(a®cd — abc® — a*d + abd + bc® — bed) (b — d)pop2
—(a — ¢)(abc — abd — acd + bed + ad — be)p?
+(2a°bed — a®bd* — 2a*cd® — 2ab*c? + ab’cd + 2abc?d + abed? — b*cd
—a®be + a*cd + a*d® + ab®c + abc® — 4abed — ac?d + acd® + b*c®)p1p;
+2ca(ad —bc—a+b+c—d)(b— d)pips)
(2a®bed — a®bd? — 2a*cd® — 2ab*c? + ab*cd + 2abc*d + abed?
—b%c?d — a*be + a’cd + a*d?* + ab’c + abc? — 4abed — ac’d + acd® + b*c?)
—4(—(abc — abd — acd + bed + ad — be) (b — d)p]
+(abc — abd — acd + bed + ad — be)(a + b — ¢ — d)popr
—2(ad — be)(abe — abd — acd + bed + ad — be)popa
—(a*cd — abc* — a*d + abd + bc® — bed) (b — d)pops
—(a — ¢)(abc — abd — acd + bed + ad — be)p?
+2(ad — bc)(abe — abd — acd + bed + ad — be)p1p2
+(2a°bed — a®bd? — 2a°cd?® — 2ab*c? + ab®cd + 2abc?d
+abed? — b*c*d — a®be + a®cd + a?d? + ab®c + abc® — dabed — ac’d + acd® + b*c?)p1p3)
calad —bc—a+b+c—d)(b—d)+2calad —bc—a+b+c—d)(b—d)p
((abc — abd — acd + bed + ad — be)(a + b — ¢ — d)pg
—2(a — ¢)(abc — abd — acd + bed + ad — be)py
+2(ad — be)(abe — abd — acd + bed + ad — be)ps
+(2a%bed — a*bd® — 2a*cd® — 2ab*c? + ab®cd + 2abcd + abed® — b*c*d
—a%be + a?cd + a?d? + ab’c + abc? — 4abed — ac?d + acd? + b%c?)ps)
+2(—(a*cd — abc* — a*d + abd + bc* — bed) (b — d)po
+(2a*bed — a*bd* — 2a*cd® — 2ab*c? + ab’cd + 2abc*d + abed® — b*c*d
—a’be + a’cd + a*d? + ab*c + abc® — dabed — ac’d + acd® + b*c?)p,)
((a%c — a*d — ac* + bc? + ad — be) (b — d)py — 2(a — ¢)(abe — abd — acd + bed + ad — be)p,
+(2a°bed — a®bd® — 2a*cd® — 2ab*c? + ab*cd + 2abc*d + abed?
—b%c%d — a’be + a’ed + a*d? + ab®c + abe® — dabed — ac’d + acd® + b2c2)p2
+2calad —bc—a+b+c—d)(b—d)ps3)



C1333

C2222

C2223

C2233

C2333

C3333

—4((a®c — a*d — ac* + bc® + ad — be) (b — d)pop,

—(a®cd — abc? — a®d + abd + bc? — bed) (b — d)pop2

—(a — ¢)(abc — abd — acd + bed + ad — be)p?

+(2a%bed — a®bd? — 2a%cd? — 2ab*c? + ab*cd + 2abc?d + abed?

—b%c?d — a*bc + a’cd + a®d? + ab’c + abc® — 4abed — ac’d + acd® + b%c?)pips
+2ca(ad —bc—a+b+c—d)(b—d)p1ps)ca(ad —bc —a+b+c—d)(b—d)
+2ca(ad —bc —a + b+ c—d)(b— d)p1((a*c — a*d — ac® + bc? + ad — be)

(b — d)po — 2(a — c)(abc — abd — acd + bed + ad — be)py

+(2a%bed — a®bd? — 2a%cd? — 2ab*c? + ab*cd + 2abc?d + abed? — b*ctd

—a’be + a’cd + a%d? + ab®c + abc® — 4abed — ac’d + acd?® + b*c?)p,

+2ca(ad —bc—a+b+c—d)(b— d)p3)

(ad — be)?(abe — abd — acd + bed + ad — be)? (po — p1)?

2(—(a*cd — abc® — a*d + abd + bc® — bed) (b — d)po

+(2a%bed — a*bd* — 2a*cd® — 2ab*c® + ab*cd + 2abc®d + abed® — b*c*d — a*be
+a’cd + a®d? + ab*c + abc? — 4abed — ac’d + acd® + b2c?)p,)

(—(ad — be)(abe — abd — acd + bed + ad — be)pg

+(ad — be)(abe — abd — acd + bed + ad — be)p,)

2ca(ad —bec —a+ b+ c—d)(b— d)p1(—(ad — be) (abe — abd — acd + bed + ad — be)pg
+(ad — bc)(abe — abd — acd + bed + ad — be)py)

+(—(a*cd — abc® — a*d + abd + bc* — bed) (b — d)po

+(2a*bed — a*bd* — 2a°cd?® — 2ab*c? + ab*cd + 2abc*d + abed® — b*cd

—a*be + a’cd + a*d* + ab®c + abc® — dabed — ac’d + acd® + b2 )p1)?

2ca(ad —bc—a+b+c—d)(b—d)p;

(—(a’cd — abc* — a*d + abd + bc? — bed)(b — d)pg

+(2a%bed — a®bd? — 2a%cd? — 2ab*c? + ab*cd + 2abc?d + abed?

—b%c?d — a®be + a’cd + a?d? + ab’c + abc® — 4abcd — ac’d + acd® + b2c?)p1)
c®a*(ad —bc—a+b+c—d)*(b—d)*p}



Po

P1

P2

P3

with..

bd(a —c)(ad —bc—a+b+c—d)yiys

—(a — ¢)(ad? — b*c + b*d — bd? — ad + be)y2yrya

—(a — ¢)(abc — abd — acd + bed + ad — bC)yoyfyz
+(a — ¢)(—abd® + b%cd + abe — acd + ad® — b2¢)yoy 3
—ac(b—d)(ad —bc— a+b+c—d)yiys
+(b — d)(abc — abd — acd + bed + ad — be)yay1yo
—(b — d)(a%c — a®d — ac® + bc? + ad — be)yoy>yo
+(b — d) (a2cd — abc? — a*d + abd + bc® — bcd)yoy1y§
(b — d)(a’cd — abc® — a*d + abd + bc? — bed)yoys
—ac(b— d)(ad — bc — a+ b+ c — d)y,y3
+(b — d)(abc — abd — acd + bed + ad — bC)ygyé‘2
—(b— d)(a%c — a*d — ac® + bc® + ad — be)yoy1y>2
—(abc — abd — acd + bed + ad — be)(ad — bc)yoyg
+(abc — abd — acd + bed + ad — be)(ad — be)y1ys

—(b — d)(abc — abd — acd + bed + ad — be)y2ya

—(a — ¢)(abc — abd — acd + bed + ad — be)y?ys
+(abc — abd — acd + bed 4 ad — be)(a + b — ¢ — d)yoylyg,



with

yo=-¢e, y1=f, y2=1.

Proof: 3 pages.



Classification

B + Karaoglu (2019) classify all cubic surfaces with 27 lines over
finite fields Fq with g <= 97.

New: classification of quartic curves with 28 bitangents over
finite fields Fg with g <= 49 (for q <= 19, the classification was
known before).

Method: related structures + canonical forms.

Verification using Kaplan’s formula.

Kaplan 2013: The total number of quartic curves with 28 bitangents
(not up to isomorphism) over [Fq is equal to

2(q — 7)(q — 5)(g — 3)(¢® — 20¢” + 119¢ — 175)

PTL(3
2903040 [PTL(3,9)




Quartic Curves

q=9,11,13,17,19
(previously known

due to work of Kaplan, Knecht)

q | Iso abedef Ge

9 0 6,3,4,6,2,5 | 12096
11 0 8,5,3,2,10,7 168
13 0 3,2,10,4,2,0 24
13 1 3,2,10,4,8.,0 48
17 0 2,7,16,3,15,8 4
17 1 2,7,16,3,14,13 2
17 2 2,7,16,3,9,4 96
17 3 10,16,4,5,6,12 24
17 4 10,16,4,5,14,6 6
17 5 10,16,4,5,8,2 8
17 6 3,11,2,7,8,12 24
19 0/ 214,15,18,13,6 2
19 1 2,14,15,18,7.8 6
19 2 | 2,14,15,18,16,5 8
19 | 3 2,14,15,18,17,11 2
19 4 | 2,14,15,18,13,16 2
19 5 2,14,15,18,14,17 9
19 6 | 2,14,15,18,7,10 8
19 7| 2,14,15,18,4,12 4
19 8 2,14,15,18,8,9 8
19 9 | 2,14,15,18,18,11 6
19 @ 10 2,14,15,18,11,7 2
19 @ 11 | 2,14,15,18,9,15 24
19 | 12 2,14,15,18,6,7 24
19 | 13 | 11,13,12,15,13,7 24




Quartic Curves

(new)

q | Iso abedef | Ge q | Iso abedef | Ge
23 0| 2,98,19.9,16 1 23| 21 2,9,8,19,18,6 2
23 1| 298,119,127 2| 23| 22 2,9,819,11,16 2
23 2| 2928,19,11,10 4 || 23| 23 2,9,819,17,16 @ 24
23 31| 2,98,19,16,18 6| 23| 24 2,9,8,19,20,12 4
23 4 | 2,98,19,21,3 2| 23| 25 2,9,8,19,20,14 8
23 51 2,9,8,19,3,11 2| 23| 26 2,9,8,19,14,3 8
23 6 | 2,98,19,7,22 6 || 23 | 27 | 13,4,19,18,15,11 2
23 71 29.8,19,17,15 2 || 23| 28 | 13,4,19,18,11,16 2
23 8 | 2,9,8,19,10,13 11|23 | 29 13,4,19,18,5,3 4
23 9 2,98,19,19,11 4 | 23| 30 | 14,7,18,14,10,15 | 24
23 | 10 | 2,9,8,19,15,16 1| 23| 31| 14,7,18,14,11,12 8
23 | 11 | 2,9,8,19,20.4 1] 23| 32 3,21,8,12,10,7 4
23 | 12| 2,9,8,19,13,7 6 | 23| 33 3,21,8,12,4,11 | 24
23 | 13| 2,9,8,19,6,10 2| 23| 34 3,21,8,12,5,13 2
23 | 14 | 2,9,8,19,11,13 2| 23| 35 3,21,8,12,9,15 8
23 | 15| 2,9,8,19,20,18 21 23| 36 | 3,21,8,12,15,19 6
23 | 16 2,9,8,19,5,2 1| 23| 37 3,21,8,12,10,4 6
23 | 17 | 2,9,8,19,17,20 1| 23| 38 3,21,8,12,9,8 8
23 | 18 | 2,9,8,19,11,3 21 23| 39| 17,109,11,11,8 8
23 | 19 | 2,9,8,19,10,16 2 || 23 | 40 4,20,3,4,9,14 | 168
23 | 20| 2,9,8,19,14,2 2




Quartic Curves

Iso abedef | G q | Iso abedef | Ge
25 | 0 14,19215523 | 6 |[25 | 23| 12,17.8,18149 | 2
25 | 1| 1419215812 | 4 |[ 25| 24 | 12178,18,11,14 | 12
25 | 2| 14,19215221 | 16 || 25 | 25 | 12,17.8,18,206 | 2
q=25 25 | 3| 14,1921,5.20,14 | 1 || 25 | 26 | 12,17,8,18,24,12 | 16
25 | 4| 14,19.21,5,10,15 | 4 || 25 | 27 | 2012215824 | 2
25 | 5 | 14,1921,5,18,10 | 2 || 25 | 28 | 20,12,21,5,8,16 | 192
(new) 25 | 6| 14,19215213 | 4 25| 29| 98.2021,10,14 | 2
25 | 7| 1419215203 | 1|/ 25 30 | 9,8,2021,2217 | 2
25 | 8| 1419215723 | 1125 31| 982021210 2
25 | 9| 14,192151811 | 11/ 25| 32| 9820,21,187 | 4
25 | 10 | 14,19215322 | 21| 25 | 33 | 9,82021,1922 | 4
25 | 11 | 14,19.21,5,2212 | 4 |[ 25| 34 | 982021,13,7 | 4
25 | 12 | 14,19,21,5,6,16 8 || 256 | 35 9,8,20,21,8,3 6
25 | 13 | 14,19.21,5138 | 2 |/ 25 | 36 | 14,19,10,6,11,16 | 12
25 | 14 | 14,192155,10 | 2 |[ 25| 37 | 14,19,10,6,242 | 16
25 | 15 14,19,21,5,8,22 2 || 25 38 14,19,10,6,20,9 16
25 | 16 14,19,21,5,17,2 21125 39 14,19,10,6,11,3 8
25 | 17 | 14,1921,5,1821 | 2 || 25 | 40 | 2322920228 | 6
25 | 18 14,19,21,5,11,6 1 (| 25 | 41 | 23,22,9,20,10,24 8
25 | 19 | 141921528 | 2 |[ 25| 42| 10,3,12,202,21 | 96
25 | 20 | 14,192156,17 | 2 |[ 25 | 43 | 10,3,12,20,517 | 48
25 | 21 | 14,1921559 | 2| 25 | 44 2.23.16,9.7.2 | 336
25 | 22| 12,17,8,18,7,2 | 12




Quartic C

q=27

(new)

urves

Iso abedef | Ge q | Iso abedef | G
27 0 5,18,13,15,4,21 1] 27| 21 22,8,26,4,12.3 1
27 1| 5,18,13,15,2,17 1] 27 | 22 22,8,26,4,14,12 1
27 2 | 5,18,13,15,16,13 1 (| 27 | 23 22.8,26,4,11,17 2
27 3 | 5,18,13,15,10,11 2 || 27 | 24 22.8,26,4,13,21 2
27 4 | 5,18,13,15,9,20 2 || 27 | 25 22.8,26,4,14,10 4
27 5 5,18,13,15,24,16 1 || 27 | 26 22,8,26,4,11,25 | 24
27 6 | 5,18,13,15,24,19 8 || 27 | 27 22,8,26,4,20,7 2
27 7 1 5,18,13,15,16,14 2 || 27 | 28 22,8,26,4,24,26 1
27 8 | 5,18,13,15,7,26 2 (| 27 | 29 22,8,26,4,2,10 6
27 9 | 5,18,13,15,6,16 2 || 27 | 30 22.8,26,4,3,19 1
27 | 10 | 5,18,13,15,8,21 4 || 27 | 31 22,8,26,4,23,26 8
27 | 11 | 5,18,13,15,16,20 2 || 27 | 32 22.8,26,4,3,22 2
27 | 12 | 5,18,13,15,22,26 6 || 27 | 33 26,13,3,23,6,19 2
27 | 13 | 5,18,13,15,24,25 2 || 27 | 34 26,13,3,23,5,25 9
27 | 14 | 5,18,13,15,12,25 127 | 35| 26,13,3,23,16,20 2
27 | 15 5,18,13,15,9,4 6 | 27 | 36 | 26,13,3,23,16,21 8
27 | 16 | 5,18,13,15,3,20 6 || 27 | 37 5,15,13,20,15,8 | 162
27 | 17 | 5,18,13,15,19,13 2 || 27 | 38 5,15,13,20,23,7 4
27 | 18 | 5,18,13,15,254 4 (| 27| 39 | 16,11,20,13,10,16 | 24
27 | 19 | 5,18,13,15,10,9 2
27 | 20 | 5,18,13,15,18,17 1




Verification

«| = sum of inverse aut-group orders: | factor
i - 1209 | 12096
11 1 ﬁ ﬁ
B2 uti| 1
17 7 1ti+&+E i+ R
19| 14 1i2480141 43| 1
24 Pt Y Tttt it | %
25| 45 stititi+ P it St mrtos Tt | B
S THPHstititatote | s
29 || 175 60,6 4 4 110,10, 1 1| 346
31| 270 106 4 106 4 15 | 23 4 12 4 6 4 2| 409
ST 845 SRR B Tl R R R R
41 || 1637 80 1 477 4 1015 4 8 4 28 4 27 4 L 4 1| 41021
43 || 2234 1449 4 611 4 37 4 93 4 T 4 814 54 L | 300657
47 || 3969 271ﬁ_+_%+1%+%+;_1+4§4 79;19
49 12701 | P+ T+ T+ P+ B+ B+ P+ttt tan T | G




Kaplan:

# of quartic curves =

2(g —7)(g —5)(qg — 3)(¢® — 20¢° + 119q — 175)

PTL(3
2903040 [PTL(3, 9)|




How to unpack the data?

* How can we see the curves?

Get the parameters a,b,c,d,e,f from the table and plug into the
given formulae.

Example: For g=9, we find a,b,c,d,e,f=6,3,4,6,2,5.

How do we read this?



Example 2 We use the polynomial X? + X + 2 to create the finite field Fg as
an extension of degree two of F3. The elements of Fg are coded as integers in the
interval from 0 to 8. We use the representation of elements as w = a1 X + ag
with 0 < ag,a; < 3 and code w as 3a; + ag. This way, we have field elements
0,1,2,3=w,4d=w+1,5=w+2,6=2w, 7T=2w+1 and 8 = 2w + 2. We
may take (a,b,c,d,e, f) = (6,3,4,6,2,5). The cubic surface F¢ 346 is given by
the equation

X2Xo+3X2Xy 4+ 3X2X3 + XoX2 +2X, X2 + X, X2
+8XOX1X2 + 8X0X1X3 + 5XOX2X3 — O

It has 9 Eckardt points. We find that (po,p1,p2,p3) = (5,6,4,3) = (6,2,5,1).
The equation of the quartic curve is

5x] + 6xixo + 35T + 8125 + 421X + 5 + 8Thx3 + 6202 + Tz = 0.
The curve is isomorphic to the Hermitian curve with equation

4 , 4, 4
T+ x5 + x5 =0,



Properties:
Kovalevski Points



Kovalevski Points

* A Kovalevski point is a point (off the quartic) where 4 bitangents
meet.



the quartic curve is in black:




Cubic surface with 27 lines quartic curve with 28 bitangents



The Eckardt surface

(model by Brendan Looi)






the quartic curve is in black:




Kovalevski Points

 The Hermitian curve has 63 Kovalevski points.

* The incidence structure between bitangents and Kovalevski
points is the classical until.

 Most quartic curves over finite fields have far fewer Kovalevski
points:



Kovalevski Points

The table shows the number of non-isomorphic quartic curves over
a given Fq with a given number of Kovalevski points:

q || K63 | K21 | K15 | K9 | K7 | K5 | K3 | K1 KO

9 1 0 0 0 0 0 0 0 0
11 0 1 0 0 0 0 0 0 0
13 0 0 0 1 1 0 0 0 0
17 0 0 1 2 0 1 2 1 0
19 0 0 0 3 0 3 2 3 1
23 0 1 0 3 0 6| 10| 15 6
25 0 1 1 1 1 6 9| 16 10
27 0 0 0 3 0 3 6| 17 11
29 0 1 0 4 11 10| 30| 69 60
31 0 0 0 6 0 15| 33| 108 | 108
37 0 1 0 3 2| 22| 72| 281 | 462
41 0 0 1 8 1| 28 | 107 | 477 | 1015
43 0 1 0 7 0 37| 121 | 614 | 1454
47 0 0 0| 11 0| 44 | 170 | 952 | 2792
49 0 0 1 6 2 | 28 | 110 | 608 | 1946




Kovalevski vs Eckardt

Let K = # Kovalevski points of a quartic curve

Let E = # Eckardt points of a cubic surface

Question:

How are K and E related?

Example: for the Hermitian curve, we have E=9 and K=63.



The Hermitian Curve

4 |, 4 A4
r{+ Ty + T3 =0

K=63,E=9

e Associated cubic surface:
3 2 2 2 2 _

e quartic curve equation (isomorphic to the Hermitian curve):
xé‘ — axfx3 + (a + 1)x1x33 = 0 (K=63).

* The relation between cubic surfaces ad quartic curves is many-
to-many.

* Only in this case is there a one-one match.



The Kovalevski configuration
x]+ x5+ 13 =0
* The associated surface has a unique point P not on any line.

e twocases:4=3+1o0r4 =2+2.

« 9 Kovalevski points arise from the Eckardt points. Namely, they
all lie on the tangent plane of P. The tangent plane becomes a
bitangent line, so 3+1=4. The 9 Eckardt points form a Hesse
configuration AG(2,3).

 The remaining 54 Kovalevski points arise from pairs of double
points (points on exactly two lines of the surface). Under

projection from P, the pairs fall on top of each other. There are
108 pairs. In this case, 2+2=4.

* 9454 =63.



The Kovalevski configuration
x]+ x5+ 13 =0

The design is flag-transitive.

This means it can be described as coset geometry inside the
unitary group.

 What about K=21 and K=15 (and the other values)?

e More work needs to be done!



Relation E vs. K

The following relations between E and K have been observed.

There might be more:

K63

K21

K15
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More Information

 We can now give more information. For each curve, we display
only one related cubic surface (there may be multiple).



q | Iso abcedef | E | K | pts | surf | pt-orb | G+ L Ge
9 0 6,3,4,6,25 | 9 | 63 | 28 1 0432 | 1| 12096
11 0 8,5,3,2,10,7 | 6 | 21 0 0 0| 24| 4 168
13 0 10,3,7,4,11,12 | 4 | 9 8 0 0| 12| 2 24
13 1 10,3,74,39 | 4| 7 4 0 1 12 1 6 48
17 0 2,7,163,158 | 6 | 3| 20 0 0| 24|12 4
17 1 2,7163,14,13 | 6 | 1| 12 0 1| 24|24 2
17 2 2,7,16394 | 6 | 15 | 12 0 2| 24| 4 96
17 3 10,16,4,5,6,12 | 4 | 9| 24 1 21 12 6 24
17 4 10,16,4,5,146 | 4 | 3 | 12 1 3| 12 | 12 6
17 5 10,164,582 | 4 | 5 8 1 4| 12| 6 8
17 6 3,1127812 | 3| 9| 24 3 11 6 3 24
19 0| 2,14,15,18136 | 2| 1| 16 0 0 4| 4 2
19 1 2,14,15,187.8 | 2 | 3 8 0 1 4| 4 6
19 2 | 2,14,15,18,16,5 | 2 | 5| 24 0 2 4| 2 8
19 31214,15,18,17,11 | 2| 1| 20 0 3 4| 4 2
19 4| 2,14,15,18,13,16 | 2 | 1| 16 0 5 4| 4 2
19 5| 2,14,15,1814,17 | 2 | 0| 20 0 7 4| 4 9
19 6 | 2,14,15,187,10 | 2| 5| 24 0 8 4| 2 8
19 7| 2,14,15,184,12 | 2 | 3| 16 0 10 4| 2 4
19 8 2,14,15,1889 | 2| 5| 16 0 11 4| 4 8
19 9 | 2,14,15,18,18,11 | 2 | 1| 28 0 12 4| 2 6
19 | 10 | 2,14,15,1811,7 | 2 | 1| 12 0 15 4| 4 2
19 | 11 | 2,14,15,189,15 | 2 | 9 8 0 23 4| 2 24
19 | 12 2,14,15,186,7 | 2 | 9| 32 0 24 4| 2 24
19 | 13 | 11,13,12,15,13,7 | 4 | 9 8 1 6| 12 2 24




g | Iso abedef | E | K | pts | surf | pt-orb | G | ¢ | Ge
23 5| 298,193,111 2| 1| 16 0 6 4 | 4 2
23 6 | 29819722 2| 3| 12 0 7 4 | 4 6
23 7129819,17,15 | 2| 1| 24 0 8 4 |4 2
23 8129819,10,13 2| 0| 20 0 9 4| 4 1
23 9129819,19.11 2| 3| 32 0 10 4 | 4 4
23 | 10 | 2,9,8,19,15,16 | 2 | 0 | 28 0 11 4 4 1
23 | 11 | 2,98,19,204 2| 0 16 0 13 4 | 4 1
23 | 12| 29%8,19,13,7 2| 3 36 0 15 4 | 2 6
23 | 13| 298,196,110 | 2| 1| 20 0 16 4|4 2
23 | 14 | 298,19,11,13 | 2| 1| 16 0 18 4 | 4 2
23 | 15| 2,9819,20,18 | 2 | 1 | 16 0 21 4 | 4 2
23 | 16 2981952 2| 0| 20 0 24 4| 4 1
23 | 17 | 2,9,8,19,1720 | 2 | 0| 24 0 27 4|4 1
23 | 18 | 298,19,11.3 2| 1 32 0 30 4 | 4 2
23 | 19| 2,98,19,10,16 | 2 | 1 | 16 0 33 4 |4 2
23 | 20| 298,119,142 | 2| 1| 20 0 37 4 | 4 2




qg  Iso abedef | E | K | pts | surf | pt-orb Lt | Ge
23 | 21 29819186 | 2| 1| 24 0 38 2 2
23 | 22 2981911,16 | 2 | 1| 24 0 39 4 2
23 | 23 2981917,16 | 2 | 9| 24 0 42 2| 24
23 | 24 2981920,12 | 2| 3| 16 0 45 2 4
23 | 25 2981920,14 | 2 | 5| 16 0 46 2 8
23 | 26 29819,143 | 2| 5| 16 0 47 2 8
23 | 27 | 134,19,18,15,11 | 4 | 1| 28 1 2 12 2
23 | 28 | 134,19,18,11,16 | 4 | 1| 20 1 7 6 2
23 | 29 13,4,19,1853 | 4 | 3| 24 1 12 12 4
23 | 30 | 14,7,18,14,10,15 | 6 | 9 | 24 2 4 4 | 24
23 | 31 | 14,7,18,14,11,12 | 6 | 5| 16 2 5 12 8
23 | 32 3,21,8,12,10,7 | 1 | 3| 16 3 9 2| 2 4
23 @ 33 3,21,8124,11 | 1| 9| 24 3 24 2 1| 24
23 34 3,21,8,12,5,13 | 1 1| 24 3 29 2| 1 2
23 | 35 3,21,8,129,15 | 1 | 5| 40 3 66 2| 2 8
23 | 36 3,21,8,12,15,19 | 1 3| 24 3 74 2 2 6
23 | 37 3,21,8,12,104 | 1| 3| 12 3 80 2| 2 6
23 | 38 3,21,81298 | 1 | 5| 24 3 82 2| 2 8
231 39| 17,109,11,11.8 | 1 | 5| 40 5 17 2| 2 8
23 | 40 4,20,3,49,14 | 3 | 21 0 13 30 6| 1| 168




Comments

e Curves 11#0 and 23#40 cause difficulty for the classification
algorithm because they don’t have any rational points.

* The stabilizer of the surface and the stabilizer of the quartic curve
share a common subgroup.

 Namely:

the stabilizer of the point P inside the group of the surface

the stabilizer of the distinguished bitangent arising from the
tangent plane at P.



Thank you for your attention.

THE END



