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Constant dimension Subspace Codes

G (n, k): the set of k-dimensional [ -subspaces of [,
G C ?q(n, k), (€,d) Constant dimension subspace code
S, T ?q(n, k) d(S,T)=2k—-2 dim[Fq(S N T) Subspace distance

d(6) .=mmn{d(S,T) : S, T €,S #T}

2 < d(B) < 2k

parametersof € [n,d(6), \%l,k]q



Cyclic subspace codes

G C f‘?q(n, k) constant dimension subspace code in [,




Cyclic subspace codes

G C S?q(n, k) constant dimension subspace code in [,

€ is cyclic if
¢ = Uy Orb(V) =Uy1aV : a €}




Cyclic subspace codes

6 = Uy Orb(V) =Uy1aV : a €}

cyclic subspace code

+ Minimum distance
2 <d(€) <2k
% d = 2k



Cyclic subspace codes

€=U, Orb(V)=Uy{aV : a & [F;n}

cyclic subspace code

% Minimum distance

2 Ld(€) <2k
xd=2k=>kl|n

G = Orb(Fqk)

q" — 1
g~ — 1

6| =

F. Manganiello, E. Gorla & J. Rosenthal. Spread codes and spread decoding in network coding.
In 2008 IEEE International Symposium on Information Theory (pp. 881-885). IEEE, 2008.



Cyclic subspace codes

€ =U, Orb(V)=Uy, {aV : a € [F;;,}

cyclic subspace code

% Minimum distance

2 <d(F) L2k
xd=2k=>k|n

G = Orb([Fqk)

G = Orb(S)




Cyclic subspace codes

6 = Uy Orb(V) =Uy1aV : a €}

cyclic subspace code

% Cardinality
o (n,d, k) := max # of codewords a subspace code ¢ C & (n, k) may have



Bounds on the size of constant-dimension subspace codes

&27 (n d k) = max # of codewords a subspace code % C S? (n k) may have

Sphre packlngbound o

i Smgleton bound |

[(d2-1)/2]

qu(n,d,k)s [Z] / Z [ﬂ [n:kl -qi2

9 i=0 q q

n—dl2+1
max{k n—k}

A q(n, d, k) < l

R Koetter F R Kschlschang Codlng for errors and erasures in random network codlng, IEEE Transactlon on Informatlon
Theory, 2008.

i

A (n, d,k) < — -
max{n — k, k} + d/2 — 1]
q

d/2—1

R. Ahlswede, H. K. Aydinian, L. H. Khachatrlan On perfect codes and reIated concepts Des:gns Codes and Cryptography,
22(3), 221-237, 2001.

H. Wang, C. Xing, R. Safavi-Naini. Linear authentication codes: bounds and constructions. IEEE Transactions on Information
Theory, 49(4), 866-872, 2003.



Bounds on the size of constant-dimension subspace codes

szi (n d k) = max # of codewords a subspace code ‘6 C S? (n k) may have

, " Sphere-packing bound | [ “eingletonbound ]
, . @2-bn) " | |
. n — . l'2

mdo< |[] Y H [ i ] .

| =0 q q

R. Koetter, F.R. Kschischang. Coding for errors and eraf
Theory, 2008. |

Antictg

kC]

max{n — k., k} +d/2 —1
d/2—1

d (n,d,k) < —

a4

R. Ahlswede, H. K. Aydinian, L. H. Khachatrlan On perfect codes and reIated concepts Des:gns Codes and Cryptography,
22(3), 221-237, 2001.

H. Wang, C. Xing, R. Safavi-Naini. Linear authentication codes: bounds and constructions. IEEE Transactions on Information
Theory, 49(4), 866-872, 2003.
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€=U, Orb(V)=Uy{aV : a & [F;n}

cyclic subspace code

% Cardinality
A (n, d, k) := max # of codewords a subspace code & C ?q(n, k) may have

n—k+d/2+1 1 n—k+d/2 __ 1

g"—11gq"" -1 q q
gk—1 | gk-1—1 g2+l — 1 gd? — 1

A (n,d, k) <

T. Xia and F.-W. Fu. Johnson type bounds on constant dimension codes. Designs, Codes and Cryptography, 50:163—172, 2009.

Khaleghi, D. Silva, and F. R. Kschischang. Subspace codes. In IMA International Conference on Cryptography and Coding, pages 1-21. Springer, 2009.

T. Etzion and A. Vardy. Error-correcting codes in projective space, |EEE Transaction on Information Theory, 2011.



Cyclic subspace codes

€=U, Orb(V)=Uy{aV : a & [F;;,}

cyclic subspace code

% Cardinality
o (n,d, k) := max # of codewords a subspace code G C ?q(n, k) may have

* Whend = 2k — 2

qn_l qn—l_l
g~ — 1

o (n,2k — 2,k) < [

qk—l 1 ‘ J L= Jq(n,Zk — 2,k) '



vith minimum distance

Largest known constructions of cyclic subspace codes i
2k-2 |

Parameters Size Asymptotic
behavior
n = 2k, $1(2k, k) = | 552 | Lost ~ Lg2k
q>2
k—
n = 4k Sa(4k, k,q) = |57 (¢* — 1)(¢** - 1) ~ 3%
n =rk, Sa(rk, k q) e U )} ~ g(TZF2 1410k
r23 (152
k_q\h—=1[ 1k _ -
n = rk, Su(rk, k,q) = h ((¢* = DP(g™ — 1) + LU0 |y g(UF 4k
r=2h+1, h>2
n =rk, Ss(rk,k,q) = hq*(g* — 1)1 (g% — 1) + L= qk -~ ~ g(LF I4m)k
r=2h+1, h>2




vith minimum distance

Largest known constructions of cyclic subspace codes i
2k-2 |

Parameters Size Asymptotic
behavior
n = 2k, $1(2k,k,q) = [ 45+] T ~ 54
q>2
k—
n = 4k Sy (4k, k,q) = | %57 (¢* - 1)(¢** - 1) ~ 3%
n =rk, Sa(rk,k,q) = ¢F Lot (7 — 1), ~ (=T 14k
r>3 e=([5]-2
k_qyh—=1y _rk _ -
n=rk, | Sa(rk,k,q)=h((g" — DMg* - 1) + LD | g(UF 0k
rk __ r—1 -
n =rk, Ss(rk, k,q) = hg*(¢* = 1)" 1 (g™ — 1) + L= ~ q(LT 40k
r=2h+1, h>2




Largest known constructions of cyclic subspace codes in & q(rk, k)with minimum distance
2k-2

R. M. Roth, N. Raviv, & I. Tamo. Construction of Sidon spaces with

Parameters | S o e I Aiifa‘z;f:" applications to coding. IEEE Transactions on Information Theory, 64(6),
[T - 4412-4422, 2018.
: Theorem (Roth, Raviv, Tamo, 2018)
2 % ) ,
n = 2k,qg > 3, w primitive element of ”:qk |
" = 'I‘k, S3(7'k, k,Q) — qu%(qu _ 1), ~ q(r%l]'%r)k ¢
>3 e= (572 q—1
n=rk, | Sa(rk,k,g) = h((¢* — DH(g* - 1)+ CELZEED) | gk i YV E [Fq”\[l:qk .. qu"/qk(y) =w, forh=1,...,
r=2h+1, h>2 2 |
|
n = rk, Ss(rk, k, q) = hg*(g* — 1)1 (g% — 1) + =L ~ q(LTT )k 4 Let
r=2h+1, h>2 ¥ g
, . g, N, . _ ]
'f .
! The code

: 8 = | JOrbVi) € €, (2K k)
h=1
! has minimum distance 2k — 2 and size .

2 qg—1
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Largest known constructions of cyclic subspace codes in & q(rk, k)with minimum distance

2k-2

Parameters Size Asymptotic

n = 2k’ Sl(2k k,q) — [q;lJ q:k_—ll

q> 2

n = 4k Sa(4k, k,q) = [ T52)(¢* - 1)(¢™ — 1

n=rk S3(rk, k,q) =qk9%(qu - 1), ~ g5 1+n)k

r>3 e=([31-2)

n = rk, Sa(rk,k,q) = h ((q’c —1)h(gk — 1)+ @GN | (L5 Ak
r=2h+1, h>?2

n = rk, Ss(rk, k, q) = hg*(g* — 1)h=1(g"™* — 1) + Z¢ ~ (=T 14k
r=2h+1, h>2

o [(2k,2k — 2,k) <

Iim
k(OF ¢)—+0c0 Jq(2k,2k — 2,k)

Johnson type bound ||s»==*""m

q2k —1 q2k—1 —1

gk—1 | gk-1-1

as k (_or q) — +_o_o

SQ2k, k, q)

R. M. Roth, N. Raviv, & I. Tamo. Construction of Sidon spaces with
applications to coding. IEEE Transactions on Information Theory, 64(6),
4412-4422, 2018.

(Theorem (Roth, Raviv, Tamo, 2018) ]
. n=2k,q >3, »primitive element of ”:qk '
g=1| |
’ 14 < H:qn\[quk S.1. quk/qk(}/) = ), for h = 1,. e >
‘ " Let \
2Vk,h .= {V + an)h}/l Vv € [Fqk} C [quk — [I:qn-
¢ The code {
| T ‘
: = | JOrbGVy ) € €, 2k, k)
'/' h=1
b » | |g-1]g*-1
¥ has minimum distance 2k — 2 and size > =

q —

o, VD . o S \ - o _ B L N | =~ DN~ . - 5 . . NS ~ o =~



Largest known constructions of cyclic subspace codes in & q(rk, k)with minimum distance

2k-2

Parameters Size Asymptotic
behavior
g—1| ¢**-1 1 2k
n =2k NS NI el bl ~ 34
n = 4k Sy (4k, k, q) = | L52(¢* — 1)(g** — 1) ~ 146k
n = rk, | = s Tk — 1), ~ q(=F 14k
r>3 e=([5]-2)
k_qyh=1( rk_ -
n =rk, Sa(rk,k,q) = h ((q'c —1)h(gk —1) 4 L= 1)) ~ g(LTFH 147K

r=2h+1, h>2

n =rk,
r=2h+1, h>2

rk
Ss(rk,k,q) = hg*(¢* — 1)1 (g™* — 1) + L=}

~ q(l.r—;lj'*'r)k

S(4k, k, g) 1

(Or g)teo J, (4K 2k — 2k) 2




Largest known constructions of cyclic subspace codes in & q(rk, k)with minimum distance
2k-2

Prramoters Size Asymptotic Zhang, H., Tang, C., & Cao, X. Large optimal cyclic subspace codes. Discrete
Lt Mathematics, 347(7), 114007, 2024.
n = 2k, S1(2k, k,q) = |45+ qzk__ll ~ 3¢°* T B A T e A S P R I B S AP [ S RIS ATS ST
q>2 ' Theorem (Zhang, Tang, Cao, 2024) 1
n =4k Sa(dk, k,q) = [£52)(¢* — 1)(g* — 1) ~ g0k ' ] 1
it ‘n=rk,r>3, £ := 5 — 2, w primitive element of [Fqk :
- S Ss(rk, k,q) = ¢* et (@7 — 1), o g1k | ¥ 2
T . > 3 e=([z]-2 | g — |
r> ([5]1-2) — ty € Fu\Fe st Fpoe = Ful(y)
_ _ _ rk _ (@ ="' @ =D | o (L
T=2:_{__Ik’h>2 S4(Tk,k,Q)—h((qk 1)h(qk 1)+ q q‘lq ) q +r)k Ik,fo,f = {(al”afo) - [FZI? . al”"’a{o—l & l]:qk’afoe ”:;kk} Xl]:qu {0,1,,q_2} X {fo, l/ﬂo'l' 1,”-, f}'
) tFor0 <7, < 7, define i
n = rk, Ss(rk,k,q) = hg®(¢* — 1) 1(g™* —1) + qu%ll ~ g(L"T 1+r)k 4 2
r=2h+1, h>2 b4

_ ' £+1. i
Johnson type bound |l emecrmmm, { Vin = {qu’afo(}/) + @/ + au)y" ' u F o} € & (rk, k) for any ;

rk_l

qu—l —1

gk—1 | g=1-1

o (rk,2k — 2,k) < | h=(az,a,),01) € L g r - i

The code !

7
»

J

| ¢
; Co=J ) oV

Iim ( Q) =] )y = 3 14 0=V NEL £ ¢
(e+Dk _ 1

k(Or g)—+0o0 Jq(rk,2k — 2,k) £ |
I has minimum distance 2k — 2 and size g* — (g™*—=1).
q* — h §

G aBma g~ - D D TP A ANy e i Sae B Lo f0sBa TR B Y P S i Y Ry, RO TS T BT O P e i e R4 gt shas ~ = go -~ P T LT e e X g VL
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Take away:

. S(2k, k, q) 1 {

llm — — %
Kor g—+oo J(2k,2k — 2,k) 2
R. M. Roth, N. Raviv, & I. Tamo. Construction of Sidon

spaces with applications to coding. IEEE Transactions on
Information Theory, 64(6), 4412-4422, 2018.

. S(3k, k, q)
Iim =1
k(OF q)—+00 Jq(Bk,2k — 2,k)

Zhang, H., Tang, C., & Cao, X. Large optimal cyclic subspace
codes. Discrete Mathematics, 347(7), 114007, 2024.

(Almost) Asymptotically optimal
cyclic subspace codes

Asymptotically optimal
cyclic subspace codes



Largest known constructions of cyclic subspace codes in & q(rk, k)with minimum distance

2k-2

6;C G (nk) Vi

Parameters Size Asymptotic
behavior
n = 2k, S1(2k,k,q) = [q21J qq_ll ~ %q2k
q>2
k_
n = 4k Sa(4k, k,q) = 5= (¢* — 1)(¢** — 1) ~ 3¢%
(£41)k r—1
n = rk, Ss3(rk,k,q) = ¢~&4 o L(g™F - 1), ~ q([FZ- 147k
r>3 e=([51-2)
k_q1yh—=1y _rk r—1
n = rk, Su(rk, k,q) = h ((¢* — DP(g™* — 1) + L0 ) | gL 140k

r=2h+1, h>2

n =rk,
r=2h+1, h>2

~ q(l.%lj'*'r)k




Commonapproach VS  Ourapproach

€=U, %, C G (nk) €=€,0 08 C%,nk

n — nt...nl

?q(ntnt—ln.nl’ntl) o

6;C G (nk) Vi

S6q(n1? k) Cgl



Our goal

| New Constructionsof |
i Asymptotically Optimal cyclic |
i subspace codes € C @ (rk, k)

d =2k -2 RV

¢
@G| ~g? '
~ g AR
h q nl? Cgl

C.C., P. Santonastaso. Asymptotically optimal cyclic
subspace codes, https://arxiv.org/abs/2507.09290, 2025



Nested operation
[:q3k — [:qk(rl)

[_q6k — [_q3k(}/) L/
Vo, =Im(®) = {u+uy: u € k) € G (6k,3k) (D ‘2

D - ”:q3k — ”:q6k injective
4> u+ uq}/ [Fq-lmear

Vl — {V 4 VQ;/]: V & ”:qk} & qu(:?’ka k)




Nested operation
[:q3k — [:qk(ﬂ)

[_q6k — [:q3k(}/) |
V, = Im(®) = {u+u%y: u € Fu} € G,6k36) (P f

D ”:q3k —> ”:q6k injective
U= 1+ uq}/ [Fq-lmear

L V,0 V= {®u): u € V)
‘ ={u+uly:ueVv:}
={(v+vip+ @ +vinly:velF,} € G (0kk)

Vi={v+vin:vel,} €9,(3kk)

-« v R Gy B - -
- . ‘ -8 - »
v e g o . W PNy




Vz — Im(q)) (I): [qu —> ”:qn

injective I]:q-linear

Nested operation

| V,0V, i=Im(®,) € G (n,k)

Vl = ?q(m, k)




V2 — Im(q)) (I): [qu —> ”:qn

injective [Fq-linear

Nested operation

Vl = C;‘6q(n/l, k)




Nested operation




Nested operation

€, =U2_ Orb(V,) C G n.m) P

AY) S1

' %,0%, =] ) oV, @av,,) c @ nk).

h2=1 h1=1 aE[F;km

€, =U)_ Ob(V, ) € F,(m, k)




Nested operation

e = Fu(yy) Vig = v+ a4 +awy: v e Fu) € 9,3k k)

Fyor = Fya(r2) Vayriy =Im(®@y, ) = {u+ 0Pl + uayy,: u € Fu} € € (9k,3k)

Wy € E]" Primitive element (DZ,az,jz: H:q.%k — [Fq%

@, € [ 3 Primitive element injective 4 > 1+ 02(u? + ua,)y,

0<j,h<qg-2 I linear

€)= Uocji<g-2 Yaser 5 Ord(Va, ;) € G (9k,3k) (I)2,a2 f‘

z,0¢,:= ) J UJ U] obv,,  0av, ;) <CE0kk

%1 — UOS]1S6]—2 Ualeﬂzqk Orb(Vl,dl,jl) g ng(3k, k)




What is the advantage?




Nested operation

e = Fu(yy) Vig = v+ a4 +awy: v e Fu) € 9,3k k)

Fyor = Fya(r2) Vayriy =Im(®@y, ) = {u+ 0Pl + uayy,: u € Fu} € € (9k,3k)

W) S qu Primitive element (DZ,az,jz: ﬂ:q_%k — ”:q9k

@, € I sPrimitive element injective  u - u+ @ (u? + uay)y,

0<j,h<qg-2 I linear

) = Upgj <2 Yaer, OV, 1) € F,(3k,K)
) = Upg,<g-2 Yaser o Orb(Va g, ;) € Z,(9K,30)

®2,Cl2 |

' 6, O G| = U U U U Orb(VZ,azajz O aVl»Clpjl) = ?q(9k’ k)

0<j1:/,<q—2 a,€F 31 a,€F & aE[F;‘}k



Nested operation

e = Fu(yy) Vig = v+ a4 +awy: v e Fu) € 9,3k k)

Fyor = Fya(r2) Vayriy =Im(®@y, ) = {u+ 0Pl + uayy,: u € Fu} € € (9k,3k)

W) S qu Primitive element (DZ,az,jz: ﬂ:q3k — ”:q9k

@, € I sPrimitive element injective  u - u+ @ (u? + uay)y,

0<j,ih<g-—2 N
SJih S 4q F o [Fq linear

) = Upgj <2 Yaer, OV, 1) € F,(3k,K)
) = Upg,<g-2 Yaser o Orb(Va g, ;) € Z,(9K,30)

®2,Clz |

' 6, O G| = U U U U Orb(Vz,azajz O aVlaapjl) = ?q(9k’ k)

0<)1,/,<qg—2 a,€F sca €k i aE[F;‘<3k

€, © G| = 16,|€,| = g*(g* - 1)(g* 1)~ g'*



Nested operation

e = Fu(yy) Vig = v+ a4 +awy: v e Fu) € 9,3k k)

[Fq9k = [Fq%(}’z) Voa, =1Im(®, , )= {u+ a)éz(uq +uay)y,: u € Fat € & (9,3k)

W) S qu Primitive element (I)Z,az,jz: I]:q3k — ”:q9k

@, € I sPrimitive element injective  u - u+ @ (u? + uay)y,

0<j,jp<qg—2 F -linear
1>J2 |F9k g

| i q
N\ ) = Upgj <2 Yaer, OV, 1) € F,(3k,K)

Gr=Upcic,_rU Orb(V, . ;) C & (9k.3k)
: 0=71=q=2 ZnE Johnson type bound I

®2,Cl2 |

' g* -1 |[g*"'-1 |
,. %2 @ %1 — U U LQ[ q(9k,2k —2,k) < 1 pra— = Jq(9k,2k — 2.k q
| OSjl,jQSq—2 CZQEU:q3k a, € as k_(or q) — +_o_o o

6, © €| = 6,16, = g™ (g™ - 1)(g*-1)




Remark

e = Fu(yy) Via = v+ @I +ap)y: v e F) € 9,3k k)
Fyor = Fpa(r2) Ve, = Im(@,, ) = {u+ o(u’ + uay)y,: u € Fu} € G, (9k,3k) injective
, CI) F. > F [F-Imear
@) € 2.5y - g3k 7ok
W, €L U u+ a)Jz(uq + ua,)y,
O — — 2
oy % = Uogji<q-2 Yaer, OBV, 4, 5) € €3k, k)

6 = Up<j<g-2 Y €F 3 Orb(V,, ;) C ‘5 ,(9k,3k)

symptotic

Johnson type bound I

Johnson type bound II : >4 oo *

q9k —1 q9k—1 —1 £

agoan-an | Tt |4 [O* e of (9k2k — 2,k) < = J (9k,2k — 2,k ~ q'6k }
ko q)_)‘ioo r> q q — 1 qk— - 1 q ..\ ‘

)<J1:2<q—2 ay€F 31 a,€ as k (or q) = oo

e e r=2h+1, h>2
: S(kkq) ]

B / im —l®r=3 = rk, Ss(rk, k, q) = hg*(g* — 1)"=1(g"* — 1 rk_1
Fior o J(k 2k~ 20) A S SEE S

O 61| = |6,]|6,] = q4k(q3k— 1)(4%— 1)




trategy

Johnson type bound Il Parameters

Size Asympt:otic Asymptotic
behavior behavior
g% -1 |g*1-1 : e i a
A 22k -2/ < | — ~ g Py =2, Si(2k;kyq) = |57 | G ~ 5¢* Si(2k,k,q) = 5] S5
-1 | g~1-1 _
q q>2 . 9>2 |
ask(org) > + o bou ' .
n = 4k Sy(4k, k,q) = | L52 (¢ — 1)(g** — 1) ~ 1qok Johnson type bound Il n = 4k Sy(dk, k,q) = | 52 (¢* - 1)(¢* - 1) ~ Lot
f-l q*l-l m' ' I(ltl)b
n = rk, S3(rk,k,q) = q"%(qu - 1), ~ (=74 141)k e et | [o=i=l S : N r:‘ S:’(rk'k'Q)l= q(‘[ ]q l2—), e
r_ r> = ([§] -
r>3 (= ([z]-2) ssk(org) = + oo :
_ - k _ 1\h(qrk _ (@ =0"""GM -0 | o AL )k
B B i b qyhe1grh_ =1, : . : . n = rk, Sai(rk,k,q) = h|(q 1)"(¢ 1) + — q
n =rk, .S'4(1'Ic,k:,q)_h((q’c_l)h(qk_1)+£9—L(-q—l1 p 1) ~q(L 7 |+r)k s ~ppbactlis r=2h41, h>2 ( . )
r=2h+1, h>2 S(rk, k, q)
. B £ lim Tk 2k—2 =leFr= 3 n = rk, Ss(rk,k,q) = hg*(g* = 1)* (g™ — 1) + L=} ~ gL 40k
n =rk, Ss(rk,k,q) = hg*(¢* — )" (g™ — 1) + L= ~ ¢TIk gHor g)+o0 Jo(rk,2k — 2.k) r=2h+1, h>2
r=2h+1, h>2 '




trategy

Johnson type bound Il Parameters Size Asymptotic
behavior
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