Codes from the
Point-Hyperplane Geometry of PG(V)

Luca Giuzzi

University of Brescia
joint work with llaria Cardinali

Finite Geometries 2025 — Seventh Irsee Conference

I.Cardinali, LG Codes from the Point-Hyperplane Geometry of PG(V')



The point-hyperplane geometry

Notation

(]

F,: finite fields with g elements;
V,+1(Fg): (n+1)dimensional vector space over F,;

Gi(Vy31): Grassmann geometry of the k-dimensional vector
subspaces of V,,;

PG(V,41)= Gi(V,41) (column vectors);
PG(V}, )= G,(Vy41) [row vectors).

(]

(]
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The point-hyperplane geometry

Point-Hyperplane Geometry

I'=(2,%)

o 2: flags ([p].[£]) € PG(V;11) x PG(V,y, ) with [p]C[€].
o Z: two types
Q Given (€ Gy(Vya), [E]1€PG(V,)), LC[E]:

([ = {IpLIED: pet);
@ Given [pl€PG(VY,,), S€ G, y(Vunr), [pIES:

([p), 8)=ApLIED: S S [E]}
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The point-hyperplane geometry

Segre Embedding

o Segre Geometry: &, ,, :=PG(V, 1) xPG(V
o Segre embedding: ¢:6,, > PG(V,,,®V,

ne)i

)i

e(pLED)=[pel]l=[p-<]

° Vn+1 ® V,:(.,_l = n+1(Fq);

o dim(¢)=dim(V,,;; ® V.

Vi)

n+1

o Image of ¢(&, ,,): projective points induced by all
(n+1)x(n+1) matrices of rank 1.
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The point-hyperplane geometry

Segre Embedding

*] I‘gGLn,
° M2+1 ={Me My Tr(M)=0}C Mn+1(Fq);

o ¢(ISPG(M?,,);
@ g, :=¢|r is a projective embedding of T of dimension n(n +2);

o The image A, of &, consists of the projective points induced
by all (n+1) x (n + 1) matrices of rank 1 and trace 0.
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The point-hyperplane geometry

Twisted embedding

o F,: field with g elements;
o o cAut(F,), o #1: nonrivial automorphism.

Let
I'=PG(V,41® V)= PG(M;41(q))
{([P] [ED—[p? ®&]=[p?-&]
Then,
@ ¢, is a projective embedding;
o dim(e,)=(n+1).

0 Ay :=¢,()
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Codes from projective systems

Projective codes

@ W: vector space over F;

o dim(W)=k;

o QCPG(W): projective system;

o () =PG(W);

@ 6(Q): code with generator matrix whose columns
correspond fo the coordinates of the points of Q.

Theorem (F.MacWilliams, 1964)

The code 6(Q2) has parameters [N, d, k] where

N=1Q, k=dim(Q)

d=N-—max [QNH|.
HEePG(W*)

A
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Minimal codes

Minimal codes
® 6(Q): code.
e ce%(N).
@ supp(c):={i:c; #0}.

A codeword ce€ 6() is minimal if

V' € 6(9) : supp(c’) C supp(c) = FA€F,: ¢ = Ac.

A code is minimal if all of its codewords are minimal.

.

Codewords in a minimal code are determined up to a non-zero
scalar multiple by their support.

v
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Parameters of the code

Parameters/Segre embedding &,

Theorem (I.Cardinali, LG 2022)

The code 6, := 6(A;) is minimal and it has parameters [Ny, ky, d; ]
given by

(g"'=1)g"-1)

_ 2
(G—17 , ki =n"+2n,

1:
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Parameters of the code

Parameters/Twisted embedding ¢,

Theorem (l.Cardinali, LG 2022)

If o #1, then the code 6, := 6(Ay) is minimal and it has
parameters [Ny, k,, d] given by

(g™ =1)(g"-1)

— 2
N, = (G—17 ) ko=n“+2n+1.
9 —Jq° ifo?=1and n=2,
do = 2n—1_gn-1  f 52
q q ito=#1 orn>2.
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Parameters of the code

Weight spectrum/Segre embedding

Theorem (l.Cardinali, LG 2022)

@ There is a bijection between

t

S ={(g1,---,8:): Zgi3n+l, 1<g1<---<g,<n+1

i=1
1<t<q}ufo}

and the set of weights of G(A,).
@ The weights of 6(A,) are known.
Q Itis possible to compute the weight enumerator.
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Geometry of the codes

%6(\,): codewords

M GMn+1(Fq)/<I>, Cyp = (TI'(MXl),,TI'(MXN)) S cg(Al)

Theorem (I. Cardinali, LG 2022)

o The weight of a codeword c,; depends only on the number
of eigenvectors of M € M,,1(q)/(I);

o The automorphism group of the code acts on the codewords
as the product PGL(Vpp11) - F, by the action

(8] @)(em) = cag1mg-

A
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Geometry of the codes

%6(\,): codewords

Theorem (l.Cardinali, LG 2022)

e Minimum weight codewords of 6(A,) are of the form ¢y,
with rank(M)=1 and Tr(M)#0

(([p),[ED)* with [p]1 £ [&] — points in &(&S; ,)\ A;.
The minimum weight of 6 (A,) is g>* ' —q"".

The second lowest weight codewords are of the form c); such
that rank(M)=1 and Tr(M)=0

e([pLIENY with [p]S[€] < points in A,.
2n—1

The second lowest weight of 6(A,) is q

Maximum weight codewords are of the form c,; with M
admitting no eigenvalue in F,.

o The maximum weight of 6(A) is g™ (g™ —1)/(g—1).




Geometry of the codes

%6(A,): codewords

M e Mn_H(IFq), Cp = (Tr(MXl),,Tr(MXN))G Lg(AU-)
O ==HE:[E]7 S[EMY

Theorem (I.Cardinali, LG 2022)

o The weight of a codeword c); depends only on 6,;.

o The group GL(V,,,;) acts on the codewords as

g(CM): Cg-1Mgo;

o The full automorphism group of the code is isomorphic to
PGL(Vy11)-F7.

V.
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Geometry of the codes

%6(A,): codewords

Theorem (l.Cardinali, LG 2022)

Ifn>2 oro?+#1, then
@ The minimum weight codewords of 6(A,) have weight
q2n—1 _ qn—l;
@ The minimum weight codewords are of the form c); where
M =Ep? with pE#0
e(([p) [EN)*" with [p] S[&] < points in &(Sy,,)\ Ag-
2n—1.

@ The second lowest weight codewords have weight q

@ The second lowest weight codewords are of the form ¢y, where
M =Ep? with pE=0
e(([p),[E)* with [p] S [E] — points in A.
o If both q and n are odd, then the maximum weight of 6(A,) is
q"'(q""' =1)/(g—1).

v
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Geometry of the codes

%6(A,): codewords (n=2,0%2=1)

Theorem (l.Cardinali, LG 2022)

o Ifn=2 and %=1, then the minimum weight codewords of
6(A,) have weight g° — /g and are of the form c); where
M s such that there are three linearly independent row
vectors &1, &5, &5 and ap,r€F; such that

a0'+1 — ﬁ0+1 — 0+l

14

glM:aga’ §2M:ﬁ€g» €3M:7’€?
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Geometry of the codes

Small weight codewords

Theorem (I. Cardinali, LG 2022)

The codewords of minimum and second lowest weight of 6 (A;)
and 6(A,) are related to the same geometric hyperplanes of T.
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Geometry of the codes
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Geometry of the codes

Thank you for your attention
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