On Intersection Families in Projective
Hjelmslev Spaces

lvan Landjev
Institute of Mathematics and Informatics, BAS

(joint work with Emiliyan Rogachev and Assia Rousseva)

— Finite Geometries 2025, Seventh Irsee Conference, Irsee, Germany, August 31 - September 6, 2025 —



1. Projective Hjelmslev Geometries

Theorem. Let R be a finite chain ring with radical N = rad R. The following
conditions are equivalent

(1) R is a left chain ring;
(2) the principle left ideals of R form a chain;
(3) Ris local ring and N = R for any § € N/N?;

(4) R is a right chain ring.
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o ', = R/N — the residue field of R.
e m — the nilpotency index of R.
o |R[=q"

e I'={v%=0,v1=1,7,...,7—1} — a set of representatives modulo N, i.e.
i # 7 (mod N)
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For every r € R:
r=rg+1r0+...+r, 10t r el

where r; are uniquely determined.

Natural homomorphism:

R R/N'

%
i - ro + ri6 + ...+ rm_lﬁm_l — (7“0 4+ ...+ ri_lﬁi_l) -+ N
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Theorem.

Let R be a finite chain ring of length m. For any finite module pM there exists
a uniquely determined sequence A = (A1, Aa, ..., Ag) with

m>AN>A>...> >0,
such that g M is a direct sum of cyclic modules:

rRM = R/(rad R)* @ R/(rad R)* @ ... ® R/(rad R).
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The sequence A = (A1,..., Ar) is called the shape of gM.

The sequence N = (A],..., A},), where A} is the number of \;'s with A; > i is
called the dual shape of RM.

The integer k is called the rank of g M.
The integer A/ is called the free rank of g M.

The sequence \ = (m,v ,773),7\77,—1,-; ,m—1,---,1,--- 1)is written as
am Am—1 ai
ma’m(m _ 1)am—1 .. 10’1
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Theorem.

Let R be a chain ring of length m with residue field of order ¢q. Let rM be an
R-module of shape A = (Aq,...,A\,). For every sequence u = (p1,-- -, lin),
p1 > ... > g > 0, satisfying up < A (ie. p; < A; for all ) the module p M

has exactly
m / /
[)\] _ H qu§+1(/\§—u§) | [)\j — Mr/z+1]
v qm i—1 lu“z o /’L’I:—|—1 q

submodules of shape p. Here

H @1 (1)

are the Gaussian coefficients.
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o M = rR™

e P —all free submodules of M of rank 1;

o L — all free submodules of M of rank 2;

e | C P x L —incidence relation;

e O, - neighbour relation: X ©;Y iff n;(X) = n;(YV)

o U ={XecP|3IY cU X<;Y} Uis a subspace

e Hjelmslev subspaces of dimension k& — free submodules of rank k£ + 1;

e subspaces of shape A — submodules of shape A;

e Notation: PHG(gR"), or PHG(n — 1, R).
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Let ¥ = (P,L,I) =PHG(n—1,R).
Fix a Hjelmslev subspace S of (projective) dimension s — 1.

Set
P={TN[P)"" | T<;8,TN[P|" £z},

L(S) the set of all lines from L that are contained as a set of points in some
Hjelmslev subspace T" with T'< ;.S

JCPx L(S) by (TN[P]™ D L)yeJiff TN[P]I™INL+#0o.

£ a maximal family of lines from L£(.S) that are different as subsets of 3.
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Theorem. The incidence structure (33, £,7J) can be imbedded isomorphically
into PHG(n — 1, R/N™~"). The missing part is a subspace of shape

(m—4)""*(m—1—1)°

(i.e. a neighbour class [U](l) where U is a Hjelmslev subspace of the projective
geometry PHG(n — 1, R/N™~") of dimension n — s — 1).
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A Neighbour class of lines in PHG(3,Z,)

1022 1222 0122 2122 1122 1322

1002 /T 0 2102 1102 1302
122 0120 2120 1320

1000 1200 0100 2100 1100 1300
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‘15555”,///
p7. 0122 2122 TN 29 322

1002 ' 0102 2102 1102 130%
1020 1220 ﬁ120 120 1120 1320
1000 1200 0100 2100 1100 1300

The structure is ismorphic to PG(3,2) — PG(1, q).
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A Neighbour class of points in PHG(3, Zg)

1022

1002 202

1004

1000

1222

1220
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2. Intersection families of subspaces

Let X = PHG(n — 1, R) be the (left) (n — 1)-dimensional projective geometry
over the chain ring R with

R/N =F,, |R|=q¢™

Definition. A family F of subspaces of X of a given fixed shape x is said to
be 7-intersecting if the intersection of every two subspaces from JF contains a
subspace fo shape .
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Problems:

(1) What is the maximal size of a T-intersecting family of subspaces of shape x

in PHG(n — 1, R)?

(2) What is the structure fo a T-intersecting family of maximal cardinality in 37
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Theorem. (Hsieh Frankl Wilson, Tanaka)

Let ¢ and k be integers with 0 < ¢t < k. Let F be a set of k-dimensional
subspaces in PG(n, q) pairwise intersecting in at least a t-dimensional subspace.

—t
If n > 2k + 1, then |F| < [Z t] .
q

Equality holds if and only if F is the set of all k-dimensional subspaces, containing
a fixed t-dimensional subspace of PG(n,q), or in case of n = 2k + 1, F is the
set of all k-dimensional subspaces in a fixed (2k — t)-dimensional subspace.

2k —t+1
k—t

is the set of all k-dimensional subspaces in a fixed (2k — t)-dimensional subspace.

If 2k —t < n < 2k, then |F| < [ ] . Equality holds if and only if F
q
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Consider PG(n — 1, q).
Let d < e be integers with d + e = n.
Fix a subspace W with dim W =e — 1.

Let U be the set of all subspaces U in PG(n — 1,¢q) with dimU = d — 1,
UNwW =g.
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Theorem. (Tanaka,2006)

Let 1 <t < d be an integer and let F be a family of subspaces from U with
dim(U' NU") >t — 1 for every two U',U"” € U. Then

Equality holds itf
(a) F consists of all subspaces U through a fixed (¢ — 1)-dimensional subspace
T with TNW = &;

(b) in case of e = d, F is the set of all elements of U contained in a fixed
(2d — t — 1)-dimensional subspace V' with dimV NW =d —t¢ — 1.
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3. Erd6s-Ko-Rado-Type Theorems in Projective
Hjelmslev Geometries

Theorem. Let F = {F},..., F)} be a T-intersecting family of subspaces in
> of shape k, where

k=mFm(m — 1)Fm-1 18 7 = mbm(m — 1)tm-1 10,

Then n;(F) = {ni(F1),...,n:(Far)} is a 7'-intersecting family of subspaces in
> = PHG(n — 1, R/N") of shape ', where

K= ifm(p — 1)Fm=t 1Rl = gtm (G 1)imet 1 tmeit

— Finite Geometries 2025, Seventh Irsee Conference, Irsee, Germany, August 31 - September 6, 2025 — 18



Theorem. (analogue of Tanaka's theorem) Let ¢, k, n be integers with 1 <t <
k<mn/2 and let 7 = m! k = m¥. Let further F be a T-intersecting family
of subspaces of shape k in 2 with the additional property that the subspaces
from F do have no common points with a neighbor calass [W], where W is a
Hjelmslew subspace with dim W =mn — k — 1. Then

|.F‘ < q(k—t)(m(n—k—l)—i—l).
In case of equality, F is one of the following:

(a) the set of all subspaces through a fixed (¢ — 1)-dimensional (Hjlemslev)
subspace (U) with U N [W] = &;

(b) inthecase k = n/2, F can also be the set of all (k—1)-dimensional subspaces
on a fixed (2k —t—1)-dimensional subspace U with dimUNW = k—t—1.
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Theorem. Let ¢,k,n be integers with 1 < ¢ < k < n/2, and let 7 = m?,
Kk = mP. Let F be a T-intersecting family of k-subspacesin ¥ = PHG(n—1, R).
Then

n—t

7| < [’m ] _ (m=DE=D) k) [n—t] |
qm q

mk—t 1

In case of equality, F is one of the following:

(a) all Hjelmslev subspaces of dimension k—1 through a fixed Hjelmslev subspace
of dimension ¢t — 1;

(b) in the case k < n/2, F can also be the family of all Hjelmslev subspaces in
> of dimension & — 1 through a fixed subspace of dimension n —t — 1.
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4. Families of intersecting non-free subspaces

Example.
R ~chainring : R=F,, |R| = ¢°
n =4: PHG(3, R)
k= 2211 (line stripes), 7 = 2! (points)
F — a maximal 7-intersecting family of k-subspaces
n(F): (a) a pencil of lines, or
(b) all lines in a fixed plane of PG(3, q)

IFl <¢*(g+ 1) (¢ +q+1)
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ng = 7 of neighbor classes of planes through [F'| containing subspaces from F
that are not entirely contained in [F].

Then IFNIF]| <q¢*(g+1—np)+qgnr.

For np = 1. IFNO[F]| < ¢ +q

IF) < (¢®+q+1)(q°+q).

In fact, for a maximal family we have:

Fl=(¢° +q+1)(¢* +1).
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Theorem. Let R be finite chain ring with |R| = ¢°, R/N = F,. Let k > 1 be
an integer and let 7 = 2!, k = 2F1%~1 and n = 2k. Let F be a T-intersecting
family of k-subspaces in ¥ — PHG(2k — 1, R). Then

k—1 2k — 1
|F§<q’““[ ] +1>[ ] .
1 k—1
q q
In case of equality, F is the following:

all subspaces of shape k contained in [F'|, where F'is a hyperplane in X, apart
from those that have the “direction” of F', plus all k-subspaces contained in F'.
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