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1. Proje
tive Hjelmslev Geometries

Theorem. Let R be a �nite 
hain ring with radi
al N = radR. The following


onditions are equivalent

(1) R is a left 
hain ring;

(2) the prin
iple left ideals of R form a 
hain;

(3) R is lo
al ring and N = Rθ for any θ ∈ N/N2

;

(4) R is a right 
hain ring.
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• Fq
∼= R/N � the residue �eld of R.

• m � the nilpoten
y index of R.

• |R| = qm

• Γ = {γ0 = 0, γ1 = 1, γ2, . . . , γq−1} � a set of representatives modulo N , i.e.

γi 6≡ γj (mod N)
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For every r ∈ R:

r = r0 + r1θ + . . .+ rm−1θ
m−1, ri ∈ Γ,

where ri are uniquely determined.

Natural homomorphism:

ηi :

{
R → R/N i

r0 + r1θ + . . .+ rm−1θ
m−1 → (r0 + . . .+ ri−1θ

i−1) +N i
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Theorem.

Let R be a �nite 
hain ring of length m. For any �nite module RM there exists

a uniquely determined sequen
e λ = (λ1, λ2, . . . , λk) with

m ≥ λ1 ≥ λ2 ≥ . . . ≥ λk > 0,

su
h that RM is a dire
t sum of 
y
li
 modules:

RM ∼= R/(radR)λ1 ⊕ R/(radR)λ2 ⊕ . . .⊕ R/(radR)λk.
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The sequen
e λ = (λ1, . . . , λk) is 
alled the shape of RM .

The sequen
e λ′ = (λ′

1, . . . , λ
′

m), where λ′

i is the number of λj's with λj ≥ i is


alled the dual shape of RM .

The integer k is 
alled the rank of RM .

The integer λ′

m is 
alled the free rank of RM .

The sequen
e λ = (m, · · · ,m
︸ ︷︷ ︸

am

),m− 1, · · · ,m− 1
︸ ︷︷ ︸

am−1

, · · · , 1, · · · , 1
︸ ︷︷ ︸

a1

) is written as

mam(m− 1)am−1 · · · 1a1
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Theorem.

Let R be a 
hain ring of length m with residue �eld of order q. Let RM be an

R-module of shape λ = (λ1, . . . , λn). For every sequen
e µ = (µ1, . . . , µn),

µ1 ≥ . . . ≥ µn ≥ 0, satisfying µ ≤ λ (i.e. µi ≤ λi for all i) the module RM

has exa
tly

[
λ

µ

]

qm

=
m∏

i=1

qµ
′

i+1(λ
′

i−µ′

i) ·

[
λ′

i − µ′

i+1

µ′

i − µ′

i+1

]

q

submodules of shape µ. Here

[
n

k

]

q

=
(qn − 1) . . . (qn−k+1 − 1)

(qk − 1) . . . (q − 1)
.

are the Gaussian 
oe�
ients.
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• M = RR
n

;

• P � all free submodules of M of rank 1;

• L � all free submodules of M of rank 2;

• I ⊆ P × L � in
iden
e relation;

• ⌢⌣ i - neighbour relation: X⌢⌣ iY i� ηi(X) = ηi(Y )

• [U ](i) = {X ∈ P | ∃Y ∈ U,X⌢⌣ iY }, U is a subspa
e

• Hjelmslev subspa
es of dimension k � free submodules of rank k + 1;

• subspa
es of shape λ � submodules of shape λ;
• Notation: PHG(RR

n), or PHG(n− 1, R).
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Let Σ = (P ,L, I) = PHG(n− 1, R).

Fix a Hjelmslev subspa
e S of (proje
tive) dimension s− 1.

Set

P = {T ∩ [P ](m−i) | T ⌢⌣ iS, T ∩ [P ](m−i) 6= ∅}.

L(S) the set of all lines from L that are 
ontained as a set of points in some

Hjelmslev subspa
e T with T ⌢⌣ iS.

I ⊂ P× L(S) by (T ∩ [P ](m−i), L) ∈ J i� T ∩ [P ](m−i) ∩ L 6= ∅.

L a maximal family of lines from L(S) that are di�erent as subsets of P.
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Theorem. The in
iden
e stru
ture (P,L, I) 
an be imbedded isomorphi
ally

into PHG(n− 1, R/Nm−i). The missing part is a subspa
e of shape

(m− i)n−s(m− i− 1)s

(i.e. a neighbour 
lass [U ](1) where U is a Hjelmslev subspa
e of the proje
tive

geometry PHG(n− 1, R/Nm−i) of dimension n− s− 1).
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A Neighbour 
lass of lines in PHG(3,Z4)

1000 1200 0100 2100 1100 1300

1020 1220 0120 2120 1120 1320

1002 1202 0102 2102 1102 1302

1022 1222 0122 2122 1122 1322
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1000 1200 0100 2100 1100 1300

1020 1220 0120 2120 1120 1320

1002 1202 0102 2102 1102 1302

1022 1222 0122 2122 1122 1322

The stru
ture is ismorphi
 to PG(3, 2)− PG(1, q).
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A Neighbour 
lass of points in PHG(3,Z8)

1000
1400

1040 1440

1004 1404

1044 1444

1200

1220

12221022

12021002

1020
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2. Interse
tion families of subspa
es

Let Σ = PHG(n− 1, R) be the (left) (n− 1)-dimensional proje
tive geometry

over the 
hain ring R with

R/N ∼= Fq, |R| = qm

De�nition. A family F of subspa
es of Σ of a given �xed shape κ is said to

be τ -interse
ting if the interse
tion of every two subspa
es from F 
ontains a

subspa
e fo shape τ .
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Problems:

(1) What is the maximal size of a τ -interse
ting family of subspa
es of shape κ

in PHG(n− 1, R)?
(2) What is the stru
ture fo a τ -interse
ting family of maximal 
ardinality in Σ?
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Theorem. (Hsieh,Frankl,Wilson,Tanaka)

Let t and k be integers with 0 ≤ t ≤ k. Let F be a set of k-dimensional

subspa
es in PG(n, q) pairwise interse
ting in at least a t-dimensional subspa
e.

If n ≥ 2k + 1, then |F| ≤

[
n− t

k − t

]

q

.

Equality holds if and only if F is the set of all k-dimensional subspa
es, 
ontaining

a �xed t-dimensional subspa
e of PG(n, q), or in 
ase of n = 2k + 1, F is the

set of all k-dimensional subspa
es in a �xed (2k − t)-dimensional subspa
e.

If 2k − t ≤ n ≤ 2k, then |F| ≤

[
2k − t+ 1

k − t

]

q

. Equality holds if and only if F

is the set of all k-dimensional subspa
es in a �xed (2k− t)-dimensional subspa
e.
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Consider PG(n− 1, q).

Let d ≤ e be integers with d+ e = n.

Fix a subspa
e W with dimW = e− 1.

Let U be the set of all subspa
es U in PG(n − 1, q) with dimU = d − 1,

U ∩W = ∅.
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Theorem. (Tanaka,2006)

Let 1 ≤ t ≤ d be an integer and let F be a family of subspa
es from U with

dim(U ′ ∩ U ′′) ≥ t− 1 for every two U ′, U ′′ ∈ U . Then

|F| ≤ q(d−t)e.

Equality holds i�

(a) F 
onsists of all subspa
es U through a �xed (t − 1)-dimensional subspa
e

T with T ∩W = ∅;

(b) in 
ase of e = d, F is the set of all elements of U 
ontained in a �xed

(2d− t− 1)-dimensional subspa
e V with dimV ∩W = d− t− 1.
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3. Erd®s-Ko-Rado-Type Theorems in Proje
tive

Hjelmslev Geometries

Theorem. Let F = {F1, . . . , FM} be a τ -interse
ting family of subspa
es in

Σ of shape κ, where

κ = mkm(m− 1)km−1 . . . 1k1, τ = mtm(m− 1)tm−1 . . . 1t1.

Then ηi(F) = {ηi(F1), . . . , ηi(FM)} is a τ ′-interse
ting family of subspa
es in

Σ′ = PHG(n− 1, R/N i) of shape κ′
, where

κ′ = ikm(i− 1)km−1 . . . 1km−i+1, τ ′ = itm(i− 1)tm−1 . . . 1tm−i+1.
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Theorem. (analogue of Tanaka's theorem) Let t, k, n be integers with 1 ≤ t <
k ≤ n/2, and let τ = mt

, κ = mk

. Let further F be a τ -interse
ting family

of subspa
es of shape κ in Σ with the additional property that the subspa
es

from F do have no 
ommon points with a neighbor 
alass [W ], where W is a

Hjelmslew subspa
e with dimW = n− k − 1. Then

|F| ≤ q(k−t)(m(n−k−1)+1).

In 
ase of equality, F is one of the following:

(a) the set of all subspa
es through a �xed (t − 1)-dimensional (Hjlemslev)

subspa
e (U) with U ∩ [W ] = ∅;

(b) in the 
ase k = n/2, F 
an also be the set of all (k−1)-dimensional subspa
es

on a �xed (2k−t−1)-dimensional subspa
e U with dimU ∩W = k−t−1.
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Theorem. Let t, k, n be integers with 1 ≤ t < k ≤ n/2, and let τ = mt

,

κ = mk
. LetF be a τ -interse
ting family of κ-subspa
es in Σ = PHG(n−1, R).

Then

|F| ≤

[
mn−t

mk−t

]

qm

= q(m−1)(k−t)(n−k)

[
n− t

1

]

q

.

In 
ase of equality, F is one of the following:

(a) all Hjelmslev subspa
es of dimension k−1 through a �xed Hjelmslev subspa
e

of dimension t− 1;

(b) in the 
ase k ≤ n/2, F 
an also be the family of all Hjelmslev subspa
es in

Σ of dimension k − 1 through a �xed subspa
e of dimension n− t− 1.
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4. Families of interse
ting non-free subspa
es

Example.

R -
hain ring : R ∼= Fq, |R| = q2

n = 4: PHG(3, R)

κ = 2211 (line stripes), τ = 21 (points)

F � a maximal τ -interse
ting family of κ-subspa
es

η(F): (a) a pen
il of lines, or

(b) all lines in a �xed plane of PG(3, q)

|F| ≤ q2(q + 1)(q2 + q + 1)
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F

[F ]
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nF = # of neighbor 
lasses of planes through [F ] 
ontaining subspa
es from F

that are not entirely 
ontained in [F ].

Then |F ∩ [F ]| ≤ q2(q + 1− nF ) + qnF .

For nF = 1: |F ∩ [F ]| ≤ q3 + q.

|F| ≤ (q2 + q + 1)(q3 + q).

In fa
t, for a maximal family we have:

|F| = (q2 + q + 1)(q3 + 1).
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Theorem. Let R be �nite 
hain ring with |R| = q2, R/N ∼= Fq. Let k ≥ 1 be

an integer and let τ = 21, κ = 2k1k−1

, and n = 2k. Let F be a τ -interse
ting

family of κ-subspa
es in Σ− PHG(2k − 1, R). Then

|F| ≤

(

qk+1

[
k − 1

1

]

q

+ 1

)[
2k − 1

k − 1

]

q

.

In 
ase of equality, F is the following:

all subspa
es of shape κ 
ontained in [F ], where F is a hyperplane in Σ, apart

from those that have the �dire
tion� of F , plus all κ-subspa
es 
ontained in F .
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