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1. Preliminaries

De�nition. An [n, k, d]q-
ode is a k-dimensional subspa
e C of F
n
q where d is

the minimal Hamming weight of a non-zero 
odeword.

De�nition. (n,w)-ar
 in PG(r, q): a multiset K with

1) |K| = n;

2) for every hyperplane H : K(H) ≤ w;

3) there exists a hyperplane H0: K(H0) = w.

De�nition. (n,w)-blo
king set (minihyper) in PG(r, q): a multiset F

with

1) |F| = n;

2) for every hyperplane H : F(H) ≥ w;

3) there exists a hyperplane H0: F(H0) = w.
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Theorem. 1. The following obje
ts are equivalent:

(1) [n, k, d]q linear 
odes of full length and the maximal number of 
oordinate

positions that are identi
al in all 
odewords is s;

(2) (n, n− d)-ar
s in PG(k − 1, q) with a maximal point multipli
ity s;

(3) (svk − n, svk−1 − n+ d)-minihypers in PG(k − 1, q).

Here: vk =
qk − 1

q − 1

.
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De�nition. An [n, k, d]q-
ode with generator matrix G is 
alled t-extendable

if there exist t 
olumn-ve
tors g1, · · · , gt ∈ F
k
q su
h that

[G|g1| · · · |gt]

is a generator matrix of an [n+ t, k, d+ t]q-
ode
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De�nition. An (n,w)-ar
 K in PG(r, q) is 
alled t-extendable if there exists

an (n+ t, w)-ar
 K′

in PG(r, q) with

K′(P ) ≥ K(P )

for all points P in PG(r, q).

De�nition. An (n,w)-minihyper F in PG(r, q) is 
alled t-redu
ible if there

exists an (n− t, w)-minihyper F ′

in PG(r, q) with

F ′(P ) ≤ F(P )

for all points P in PG(r, q).

� Finite Geometries 2025, Seventh Irsee Conferen
e, Irsee, Germany, August 31 - September 6, 2025 � 4



t-extendable [n, k, d]q-
ode

m

t-extendable (n, n− d)-ar
 in PG(k − 1, q)

m

t-redu
ible (svk − n, svk−1 − n+ d)-minihyper in PG(k − 1, q)
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2. Classi
al Extension/Redu
ibility Results

• adding a parity-
he
k bit

∃ [n, k, d]2, d odd =⇒ ∃ [n+ 1, k, d+ 1]2

• maximal ar
s

∃ ((n− 1)(q + 1), n)-ar
 in PG(2, q) =⇒

∃ ((n− 1)(q + 1) + 1, n)-ar
 in PG(2, q)
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Theorem. 2A. (R. Hill, P. Lizak, 1995) Every [n, k, d]q-
ode with gcd(d, q) = 1

satisfying Ai = 0 for all i 6≡ 0, d (mod q) is extendable to an [n+1, k, d+1]q-


ode.

Theorem. 2B. Let K be an (n,w)-ar
 in PG(r, q) with w ≡ n+ 1 (mod q).

Assume that the multipli
ities of all hyperplanes are 
ongruent to n or n + 1

modulo q. Then K 
an be extended to an (n+ 1, w)-ar
.

Theorem. 2C. Let F be an (n,w)-minihyper in PG(r, q), w ≡ n−1 (mod q),

su
h that the multipli
ities of all hyperplanes are n or n − 1 modulo q, then F


an be redu
ed to an (n− 1, w)-minihyper.
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Theorem. 3A. (T. Maruta, T. Tanaka, H. Kanda, 2014) For q = 2h with

h ≥ 3. Every [n, k, d]q-
ode with gcd(d, q) = 2 satisfying Ai = 0 for all

i 6≡ 0, d (mod q) is extendable to an [n+ 1, k, d+ 1]q-
ode.

Theorem. 3B. Let q = 2h with h ≥ 3. Every (n,w)-ar
 K with gcd(n −
w, q) = 2 satisfying K(H) ≡ w or n (mod q) for all hyperplanes H is

extendable to an (n+ 1, w)-ar
.

Theorem. 3C. Let q = 2h with h ≥ 3. Every (n,w)-minihyper F with

gcd(n−w, q) = 2 satisfying F(H) ≡ n or w (mod q) for all hyperplanes F is

redu
ible to an (n− 1, w)-minihyper.
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Theorem. 4A. (Maruta, 2001) Let C be an [n, k, d]q-
ode, q ≥ 5 odd, d ≡ −2
(mod q), satisfying Ai = 0 for all i 6≡ 0,−1,−2 (mod q). Then C is extendable

to an [n+ 2, k, d+ 2]q-
ode.

Theorem. 4B. Let K be an (n,w)-ar
 in PG(r, q), q ≥ 5 odd, with w ≡ n+2
(mod q). Assume that the multipli
ities of all hyperplanes are 
ongruent to

n, n+ 1 or n+ 2 modulo q. Then K is doubly extendable to an (n+ 2, w)-ar
.

Theorem. 4C. Let F be an (n,w)-minihyper in PG(r, q), q ≥ 5 odd, with

w ≡ n− 2 (mod q), su
h that the multipli
ities of all hyperplanes are n, n− 1

or n− 2 mod1.ulo q, then F 
an be doubly redu
ed to an (n− 2, w)-minihyper.
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Theorem. 5A. (Kanda, 2020) Let C be an [n, k, d]3-
ode with gcd(d, 3) = 1,

satisfying that Ai = 0 for all i 6≡ 0,−1,−2 (mod 9). Then C is extendable to

an [n+ 1, k, d+ 1]3-
ode.

Theorem. 5B. Let K be an (n,w)-ar
 in PG(r, 3) with w ≡ n+ 2 (mod 9)

whose possible hyperplane multipli
ities are all n, n+1, or n+2 (mod 9). Then

K is extendable to an (n+ 1, w)-ar
.

Theorem. 5C. Let F be an (n,w)-minihyper in PG(r, 3) with w ≡ n − 2
(mod 9) whose possible hyperplane multipli
ities are all n, n − 1, or n − 2
(mod 9). Then F is redu
ible to an (n− 1, w)-minihyper.
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Theorem. 6A. (Kanda, 2022) Let C be an [n, k, d]4-
ode with k ≥ 3, d ≡ −2
(mod 16), satisfying that Ai = 0 for all i 6≡ 0,−2 (mod 16). Then C is

extendable to an [n+ 1, k, d+ 1]4-
ode.

Theorem. 6B. Let K be an (n,w)-ar
 in PG(r, 4) with w ≡ n+2 (mod 16)

whose possible hyperplane multipli
ities are all n, or n + 2 (mod 16). Then K

is extendable to an (n+ 1, w)-ar
.

Theorem. 6C. Let F be an (n,w)-minihyper in PG(r, 4) with w ≡ n − 2
(mod 16) whose possible hyperplane multipli
ities are all n−2, or n (mod 16).

Then F is redu
ible to an (n− 1, w)-minihyper.
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3. A Modi�ed De�nition for

Extendability/Redu
ibility

De�nition. An (n,w)-minihyper F in PG(r, q) is 
alled redu
ible if there

exists a subspa
e S in PG(r, q), dimS = j ≥ 0, su
h that F 
an be represented

as

F = F ′ + χS,

where F ′

is a minihyper with parameters (n − vj+1, w − vj), and χS is the


hara
teristi
 fun
tion of S.

Remark. If j = 0 we get the 
lassi
al de�nition of a redu
ible minihyper.
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De�nition. An (n,w)-ar
 K in PG(r, q) is 
alled extendable if there exists

a subspa
e S in PG(r, q), dimS = j ≥ 0, su
h that the ar
 K de�ned by

K′ = K + χS,

where χS is the 
hara
teristi
 fun
tion of S is an (n + vj+1, w + vj)-ar
 in

PG(r, q).
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De�nition. An (n,w)-minihyper F in PG(r, q) is 
alled t-redu
ible if there

exist subspa
es S1, · · · , St in PG(r, q), dimSi = si ≥ 0, su
h that F 
an be

represented as

F = F ′ +
∑

χSi
,

where F ′

is a minihyper with parameters (n−
∑t

i=1
vsi+1, w−

∑t

i=1
vsi), and

χSi

is the 
hara
teristi
 fun
tion of Si.

Remark. If s1 = · · · = st = 0 we get the 
lassi
al de�nition of a t-redu
ible

minihyper.
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De�nition. An (n,w)-ar
 K in PG(r, q) is 
alled t-extendable if there exist

subspa
es S1, · · · , St in PG(r, q), dimSi = si ≥ 0, su
h that K′

de�ned by

K′ = K +
∑

χSi
,

is an ar
 with parameters (n+
∑t

i=1
vsi+1, w +

∑t

i=1
vsi).
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4. The Main Theorem

De�nition. An (n,w)-ar
 (or an (n,w)-minihyper) K in PG(r, q) is 
alled

divisible with divisor ∆ if

K(H) ≡ n (mod ∆)

for every hyperplane H .
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Theorem. 7. Let F be an (n,w)-minihyper in PG(r, q), q = ph, with

w ≡ n− qj (mod qj+1), j ≥ 0. Assume that F has the following properties:

(1) F(H) ≡ n− qj or n (mod qj+1) for every hyperplane H in PG(r, q);

(2) for every hyperplane H with F(H) ≡ n−qj (mod qj+1), F|H = F1+χT

for a unique (j − 1)-dimensional subspa
e T and F1 is a divisible minihyper

with divisor qj;

(3) for every hyperplane H with F(H) ≡ n (mod qj+1), F|H is a divisible

minihyper with divisor qj.

Then F = F ′ + χS, where F ′

is an (n− vj+1, w − vj)-minihyper, and S is an

j-dimensional subspa
e. In addition, the subspa
e S is uniquely determined.
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Corollary. 8. Let F be an (n,w)-minihyper in PG(r, q), with w ≡ n − q

(mod q2). Assume that F has the following properties:

(1) F(H) ≡ n− q or n (mod q2) for every hyperplane H in PG(r, q);

(2) for every hyperplane H with F(H) ≡ n− q (mod q2), F|H is redu
ible to

a divisible minihyper with divisor q;

(3) for every hyperplane H with F(H) ≡ n (mod q2), F|H is a divisible

minihyper with divisor q.

Then F = F ′ + χL, where F ′

is an (n− q − 1, w − 1)-minihyper, and L is a

line.
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5. Examples

Theorem. A (70, 22)-minihyper in PG(4, 3) is one of the following:

(1) the sum of a solid and a (30, 9)-minihyper in PG(4, 3);

(2) the sum of a (66, 21)-minihyper in and a line in PG(4, 3).
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