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UCTION TO

THE RANK METRIC

Let x = (x1,...,%,) € Fpn and I an Fy-basis of

]qu.
X1,1 . Xn,1
X1,2 e Xn,2
Matr(X) =
X1,m - Xn,m
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ceC\{0}
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The support is
or(x) = rowspan(Matr(x)) < Fg.

The support does not depend on the choice of T.
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The support is
or(x) = rowspan(Matr(x)) < Fg.
The support does not depend on the choice of T.

SINGLETON BOUND.

Let C be a [n, k, d]gm/q-code in the rank metric.
Then

km < max(m, n) - (min(m, n) — d + 1).
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The support is
or(x) = rowspan(Matr(x)) < Fg.
The support does not depend on the choice of T.

SINGLETON BOUND.

Let C be a [n, k, d]gm/q-code in the rank metric.
Then

km < max(m, n) - (min(m, n) — d + 1).

Codes reaching the Singleton bound are called
MRD codes.
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INTERSECTING CODES IN THE RANK METRIC

INTERSECTING CODES

DEFINITION.

A linear code in the rank metric C is intersecting if V¢, ¢’ € C\{0}
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INTERSECTING CODES

DEFINITION.

A linear code in the rank metric C is intersecting if V¢, ¢’ € C\{0}

o(c) no(c’) # {0}.

In the Hamming metric, a code C is intersecting if

Ve, eC\{0}, 31<i<n c¢#0ac #0.

EXAMPLES.

An [n, k, d]4-code with 2d > n is Hamming-metric intersecting. An [n, k, d]gm/q-code with 2d > n is
rank-metric intersecting.

PROPOSITION. (BARTOLI, BORELLO, MARINO, S. - 202+)

An MRD code over Fgn of length n < m is rank-metric intersecting iff 2d > n.
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INTERSECTING CODES IN THE RANK METRIC

MoOTIVATIONS (WE ARE INTERESTED IN THE g-ANALOGUE OF THESE).

(2, 1)-separating systems (Friedman, Graham, Ullman, 1969).

Problems of critical race-free coding for states of discrete automata.
e Communication over an AND channel (Cohen, Lempel, 1985).

Application to hash functions (Kérner, Simonyi, 1988).

When g = 2 an intersecting code is a minimal code (related to Massey's secret sharing
schemes, 1993).

Frameproof codes for digital fingerprint (Boneh, Shaw, 1995).

Oblivious transfer protocols (Brassard, Crepeau, Santha, 1996).

Genetics problems (Sagalovich, Chilingarjan, 2009).
@ Information on the 2-wise Davenport constants (Plagne, Schmid, 2011).

o Information on the generalized 2-wise Davenport constants (Borello, Schmid, S., 2024) and hence
on factorization in Dedekind domains.
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INTERSECTING CODES IN THE RANK METRIC

THEOREM (BARTOLI, BORELLO, MARINO, S. - 202+).
C < Fgn is rank-metric intersecting

0

VA€ GL(n,q), CA:={cA: ceC}is Hamming-metric intersecting (i.e. two nonzero codewords ¢, ¢’
always share a nonzero coordinate ¢; # 0, ¢/ # 0)
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0

VA e GL(n,q), CA:={cA: ceC}is Hamming-metric intersecting (i.e. two nonzero codewords c, ¢’
always share a nonzero coordinate ¢; # 0, ¢/ # 0)

The parameters of a Hamming-metric intersecting [n, k, d]4-code verify n > 2k — 1.
COROLLARY.
C < Fgn is rank-metric intersecting of dimension k

y
n>=2k—1.
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A CEOMETRIC INTERPRETATION: NON-2-SPANNABLE g-SYSTEMS

THE GEOMETRY OF LINEAR RANK-METRIC CODES

0 G e Myxp(Fgm) s.t. C =rowsp(G).
e C nondegenerate: Fg-span of the columns of G has F4-dimension n.
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IC INTERPRETATION: NO}

g-SYSTEMS

DEFINITION.

An [n, k, d]4m/q-system is an Fq-linear vector subspace U < F¥, such that (U)r,,, = Fkn, such that
dimg, (U) = n and for any Fyn-linear hyperplane H — Fgm

diqule”HSn—d.

MARTIN

SEVENTH IRSEE CONFERENCE 02/09/2025



OMETRIC INTERPRETATION: NOM

g-SYSTEMS

DEFINITION.

An [n, k, d]4m/q-system is an Fq-linear vector subspace U < F¥, such that (U)r,,, = Fkn, such that
dimg, (U) = n and for any Fyn-linear hyperplane H — Fgm

diqule”HSn—d.

g-systems <> nondegenerate rank-metric codes

MARTIN

SEVENTH IRSEE CONFERENCE 02/09/2025

6/9



ETRIC INTERPRETATION: NO

g-SYSTEMS

DEFINITION.

An [n, k, d]4m/q-system is an Fq-linear vector subspace U < F¥, such that (U)r,,, = Fkn, such that
dimg, (U) = n and for any Fyn-linear hyperplane H — Fgm

diqule”HSn—d.

g-systems <> nondegenerate rank-metric codes

DEFINITION.

The weight of a subspace S — F, is

Wtz/{(S) = diquL{ NnS.
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A CEOMETRIC INTERPRETATION: NON-2-SPANNABLE g-SYSTEMS

THE GEOMETRIC INTERPRETATION OF INTERSECTING CODES

DEFINITION.

A g-system U is t-spannable if there exist t Fqm-linear hyperplanes Hy, ..., #H; of Fgm of such that

U=UnH)g®...0UNHe)g
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THEOREM (BARTOLI, BORELLO, MARINO, S. - 202+}).

C is rank-metric intersecting

0

U is not 2-spannable.

This does not depend on the choice of generator matrix !
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BOUNDS ON THE PARAMETERS OF NON-2-SPANNABLE g-SYSTEMS
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BOUNDS ON THE PARAMETERS OF NON-2-SPANNABLE g-SYSTEMS

THEOREM (BARTOLI, BORELLO, MARINO, S. - 202+).

If U is a g-system that is not 2-spannable then for every hyperplane

n—m< wty(H) <n—k.

THEOREM (BARTOLI, BORELLO, MARINO, S. - 202+).

If C is rank-metric intersecting then

2k—1<n<2m—-3andk<d<m

There exists an intersecting code if

2k —1<n<2m—2k +1.

What if 2m -2k +2 < n<2m— 37
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BOUNDS ON THE IETERS OF NO!

THE SPECIAL CASE k=3, m=5

The possible values for n are n =5 (MRD codes), n=6, and n=7.

THEOREM (BARTOLI, BORELLO, MARINO, S. - 202+).

There exists no rank-metric intersecting code with parameters [7,3]gs/q. J
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THE SPECIAL CASE k=3, m=5

The possible values for n are n =5 (MRD codes), n =6, and n =17.

THEOREM (BARTOLI, BORELLO, MARINO, S. - 202+).

There exists no rank-metric intersecting code with parameters [7,3]gs/q. J

In the special case g = 2:

THEOREM (BARTOLI, BORELLO, MARINO, S. - 202+).

There exists no rank-metric intersecting code with parameters [6, 3, 3]35/>. J
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BOUNDS ON THE PARAMETERS OF NON-2-SPANNABLE g-SYSTEMS

CONCLUSION AND OUTLOOK

SUMMARY.

o We defined intersecting codes in the rank metric and their geometric counterparts, i.e.
non-2-spannable g-systems.

o We presented some bounds on the rank of non-2-spannable g-systems.
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OPEN QUESTIONS.
o Further investigations of the "grey zone" 2m — 2k + 2 < k < 2m — 3 (current work when k=3)

e What happens in the sum-rank metric ?

o Applications ?
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CONCLUSION AND OUTLOOK

SUMMARY.

o We defined intersecting codes in the rank metric and their geometric counterparts, i.e.
non-2-spannable g-systems.

o We presented some bounds on the rank of non-2-spannable g-systems.

OPEN QUESTIONS.
o Further investigations of the "grey zone" 2m — 2k + 2 < k < 2m — 3 (current work when k=3)

e What happens in the sum-rank metric ?

o Applications ?

Thank you !
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