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The linear set of rank p in PG(k — 1, ") associated with an
Fg-subspace U of Ff,, dimg, U = p:

Ly = {<V>Fqn NS va 76 0}

O Laa= {Zf;ol a,-X"i: ag,...,an—1 € Fgn}. For any f € L, , define
Ur = {(x,f(x)): x € Fgn}. The linear set or rank n associated with
fis

Lr = Ly, = {{(x, F(x)))E, - x € Fpu} € PG(1,q")

® The weight w.rt. Ly of a point P = (v)r_, € PG(k —1,9") is

we,(P) = w(P) = dimp, (<V>Fq,, N U)

Ly is scattered [Blokhuis - Lavrauw 2000] if dimg, ((v)r,, N U) <1
for all v e an
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® f € Lnqis scattered if L¢ is scattered; equivalently,

f f
X,y € Fon, E:M = ie]Fq
X y y

® Forl<t|n, Ly CPG(k—1,q")is R-q"-partially scattered if
dimg, (<V>[th N U) <1 for all v € F%, [Longobardi - Z 2021]

® [Smaldore - Z - Zullo 2024]: Let n = 2t, g odd, o = ¢,
ged(J,t) =1, t >3, and

2t—1

¢m,0 = XUFl + X7 +m (XU - XUtH) € »Cn,a

For any 0 # m € Fgt, ¢m o is R- " -partially scattered. If m is
neither a (o — 1)-th power nor a (o + 1)-th power of an element of

E = {x € Fge: Trge q:(x) = 0}, the polynomial ¢, is scattered.
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Main definition

An (r,i)-regular fat linear set ((r,i)-RFLS) is one that has
precisely r points with weight greater than one, and all of these
points have weight i (r >0, i > 2)
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An (r,i)-regular fat linear set ((r,i)-RFLS) is one that has
precisely r points with weight greater than one, and all of these
points have weight / (r >0, / > 2)

® An (r,i)-regular fat linearized polynomial ((r,i)-RFLP) is an
f € L, q such that L¢ is an (r,i)-RFLS

® (r,i)-RFLSs are particular r-fat linear sets, which were defined
in [Bartoli - Micheli - Zini - Zullo 2022]

® Any (0,/)-RFLS is a scattered linear set, and conversely

® If f € Lngqisan (r,i)-regular fat g-polynomial, then

ILe| = ¢" 14" 24 4 +1—(r=1)(¢" ¢ 2+ +q)
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® The (1,7)-RFLS are called i-clubs [Fancsali - Sziklai 2006,
2009] and have been widely studied. I'll focus on r > 1

Smaldore-Z-Zullo Regular fat linearized polynomials 7 of 23



\  UNIVERSITA

Examp|es for r = ]. or I = 2 | DEGLI STUDI

DI PADOVA

® The (1,7)-RFLS are called i-clubs [Fancsali - Sziklai 2006,
2009] and have been widely studied. I'll focus on r > 1

¢ [De Boeck - Van de Voorde 2022] using [Lavrauw - Van de
Voorde 2010] deal with LSs or rank p < 4 in PG(1, g") and
rank 5 in PG(1, ¢°). In particular, for p = 4:
Lyl = ¢>+1 = f is either (1,3)-RFLS or (q + 1,2)-RFLS
Lyl =q>+q*>+1 = fis (1,2)-RFLS
ILul=q*+q¢*>—q+1 = fis(2,2)-RFLS

® (r,2)-RFLSs are also investigated in: [Bartoli - Micheli - Zini -
Zullo 2022]: f = X + X9, Ngn/g(6) =1, Ly is (r,2)-RFLS
(r is computed)

® Further contributions to i = 2: [Csajb6k - Marino - Polverino
~ 7 2018], [Z 2019)], [Polverino - Zullo 2020], [Bartoli -
Csajbdk - Montanucci 2021], [.. ]
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® Rank distance between x = (x1,...,xyn) and y = (y1,.-.,¥m) in
Fo:
q

d(x,y) =w(x —y) = diqu(<x1 — Vi Xm — ym>1pq)
® [m, k,d]4n/q-code: a k-dimensional FF;.-subspace C of Iy, where
d = min{w(x): x € C, x # 0}
® Rank-metric Singleton bound:
nk < max{m, n}(min{m,n} —d+1)

® Now I'll disregard the general frame
® Let Ly be an (r,i)-RFLS of rank p in PG(k — 1,9"). Take

Ge IFSHX("FP) having as columns an [F-basis of

Ut ={xe IFS": Trgn/q(x - u) =0, Vu € U}

e Define C < F™ " as the rowspace of G
q
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If i < n, the rank-metric code C associated with Ly, an (r,i)-RFLS
of rank p in PG(k —1,q"), is an [nk — p, k, n — i]gn/q-code with

® r(g" — 1) codewords of weight n — i

® (|Ly| —r)(g" — 1) codewords of weight n — 1

® (g"% — 1) — |Ly|(g" — 1) codewords of weight n, and
[ ]

q*—1-r(q'—q)

L =
|Lul p—
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® A direct application of the Singleton bound gives, for an
(r,i)-RFLS of rank p in PG(k —1,q")

p < nki/(i+1) (1)

® From the MacWilliams identities

(@~ 1)),
(a"-1)(3),

® (1), (2) are useless in PG(1,q")
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A linear set with complementary weights has two points such that
the sum of the weights of the points equals the rank of the linear
set [Napolitano - Polverino - Santonastaso - Zullo 2022]

Theorem [Napolitano - Polverino - Santonastaso - Zullo 2022]

Let Ly be an Fg-linear set of rank p < nin PG(1, ") for which
there exist two distinct points P, Q € Ly such that w(P) = s,
w(Q) =s" and s+ = p. Then, Ly is PGL(2, g")-equivalent to a
linear set Ly where U =S x §', for some Fg-subspaces S and S’
of Fgn with dimg(S) = s, dimg(S’) = s'. Also, SN'S’' = {0} can
be assumed.
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Theorem [Napolitano - Polverino - Santonastaso - Zullo 2022]

Let Ly be an Fg-linear set of rank n in PG(1, g") for which there exist
two distinct points P, Q@ € Ly such that w(P) =s, w(Q) = s’ and
s+ s = n. Then, for some Fg-subspaces S and S’ of Fg» with
dimg(S) = s, dimg(S') =s', Fgn = S S’, up to projectivities

Ly = LPS,S’ = {<(X,p5’5/(X))]Fq,,Z X € an}

where ps s/ is the projection map related to the direct sum S & S'.

The polynomial representation of the projection is

n—1 /n—1 . ]
pPss =Y (Z gifi*q]> Xa

j=0 \i=t

where {{;} and {£7} are dual F-bases of Fgn related to S and S
We have a lack of neat polynomial representations
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Theorem [Napolitano - Polverino - Santonastaso - Zullo 2022]

Let 1 <t < nand n={t. There exist Fs-linear sets of rank p in
PG(1, g") with one point of weight t, one point of weight s and all others
of weight one for the following values of n, k and s:

® neven, p=t+sandanyse{l,..., n/2};
® nodd, p=t+sandanyse{l,... 5t}
Corollary
If ¢ divides n, there is a (2, t)-RFLS in PG(1, g").
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Polynomials ¢, » give a simple polynomial representation for some
(2, t)-RFLS in [Napolitano - Polverino - Santonastaso - Zullo 2022]:

Theorem [Smaldore - Z - Zullo 202x]

1. Let t > 3. For any m in the form m = w?+! £ 0,
w € E = {x€Fge: Trpe/q(x) = 0}, the linear set associated with

¢m,0 = XUFl + X
to Lyy7 where T, T/ = {wx £ x° | x € Fq}.

2t—1

+m (X" — X°'M> is projectively equivalent

2. For t odd, ((1,0))r,, and {((0,1))r,. are the only points of weight t
of Lyx 7/, and L1y 7 is equivalent to a (2, t)-RFLS in [Napolitano -
Polverino - Santonastaso - Zullo 2022].

o [Zullo 2023] (k, i)-RFLS with i < n/2 in PG(k — 1,q")

® Further constructions of (2, i)-RFLSs in [Alfarano - Jurrius - Neri -
Zullo 202x]
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0=~ To our knowledge, there are no examples of
(r,i)-RFLSs in PG(1, g") with r > 2 and j >
2 in the literature.

In other words, apart from the examples | am going
to show, we don't know of any linear sets with
exactly r points of weight i and the rest with weight
one for r > 2 and i > 2. If you know of any more,

please tell us!
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Theorem [Smaldore - Z - Zullo 202x]

Let g be odd, t > 3, ged(s,t) =1, w € E = {x € Fear: Trgae qe(x) = 0},
w 75 0, th/q(WZ) 7é (—1)t, / S]Fq th, dim]Fq | =i > 1. Define

D=1 wi=1x+ wx? : x € I} C Fgee

Then for any k > 1, L« is a (g — 1)/(q — 1), i)-RFLS of rank ki in
PG(k — 1, g°t). The points of weight i are precisely the elements of
PG(k —1,q). i.e. (a1, ..., a))r . with (0,...,0) # (a1,...,a) € F.

In particular we have a (q + 1,i)-RFLS in PG(1, %) for any i = 2,...,t

Remark

For g > 3 there exists w € E, w # 0 such that Ng:/q(w?) # —1, while
Ngt/q(w?) # 1 holds for any w € E.
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Theorem [Smaldore - Z - Zullo 202x]

For any y1 € Fge such that Nge /() =1, u # 1, any rank n
Ly> C PG(1, %) is equivalent up to the action of I'L(2, g%) to L, where

—s

fF=(uT —1) ((u F1)x9 2w (X quH)>

(= 1) (" + X+ 2w (X + x77))
or, for t even and taking u = —1, to L¢m,o, where
mo = X7+ X

in [Smaldore - Z - Zullo 2024], m being a nonzero (o + 1)-power of an
element of E and o = ¢q*~5.

T im (X" = Xf’m) is the polynomial introduced

Theorem [Smaldore - Z - Zullo 202x]

All Ly« are R- gt -partially scattered linear sets.
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Theorem [Smaldore - Z - Zullo 202x]

Let dmo = X7+ X7 4 m (X" - Xff”l) € Fg[X], t >3, g odd,

® |f misa (o — 1)-power of an element of
E={x €Fg: x% +x =0}, then L, _ is an (r,2)-RFLS.

® If misa (0 + 1)-power of an element of E and t is odd, then Ly,
is a (2, t)-RFLS.

® If mis a (o + 1)-power of an element of E and t is even, then L
is a (g + 1, t)-RFLS.

® Otherwise Ly, is a (0, —)-RFLS, i.e., scattered.

More examples

(g +1,t)-RFLSs of rank 2t in PG(1,q"), £>2,¢|qt —1...

Smaldore-Z-Zullo Regular fat linearized polynomials 22 of 23



Have a nice day!



	Regular fat linear sets and polynomials
	The rank-metric code associated with an RFLS
	Points of complementary weights
	r>2, i>2
	Back to phi extsubscriptm,σ

