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Matroids vs q-Matroids



Matroid 

 is a pair  where  
 

(r1) (Boundness)  
(r2) (Monotonicity) 

 
(r3) (Submodularity) 

 

ℳ ([n], r) r : 2[n] → ℤ
∀A, B ⊆ [n]

0 ≤ r(A) ≤ |A |

A ⊆ B ⇒ r(A) ≤ r(B)

r(A ∪ B) + r(A ∩ B) ≤ r(A) + r(B)

q-Matroid 

 is a pair  where 
  

(r1) (Boundness)  
(r2) (Monotonicity) 

 
(r3) (Submodularity) 

 

ℳ (𝔽n
q, ρ)

ρ : ℒ(𝔽n
q) → ℤ ∀A, B ∈ ℒ(𝔽n

q)
0 ≤ ρ(A) ≤ dim(A)

A ⊆ B ⇒ ρ(A) ≤ ρ(B)

ρ(A + B) + ρ(A ∩ B) ≤ ρ(A) + ρ(B)

Jurrius, R. P. M. J., and G. R. Pellikaan. 
"Defining the q-analogue of a matroid." The 
Electronic Journal of Combinatorics 25.3 

Rank of : ℳ r([n]) Rank of : ℳ ρ(𝔽n
q)
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Rank of : ℳ r([n])

Alfarano, Byrne, Ceria, Gluesing-Luerssen, 
Jany, Jurrius and Pellikaan… 

Rank of : ℳ ρ(𝔽n
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ℳ (𝔽n
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Example: Uniform matroid  

, where 
 

Uk,n

Uk,n = ([n], r)
r(A) = min{ |A | , k}, ∀A ⊆ [n]

Example: Uniform q-matroid  

, where  

𝒰k,n(q)

𝒰k,n(q) = (𝔽n
q, ρ)

ρ(A) = min{dim(A), k}, ∀A ∈ ℒ(𝔽n
q)



Example: Matroids from codes 

 
 where 

 

G = (G1⋯Gn) ∈ 𝔽k×n
q

ℳ[G] = ([n], r)
r(A) = rk(Gs : s ∈ A), ∀A ⊆ [n]

Example: q-Matroids from codes 

 
 where 

 consider  
 

G ∈ 𝔽k×n
qm

ℳ[G] = (ℒ(𝔽n
q), ρ)

∀A ∈ ℒ(𝔽n
q) colspan(YA) = A

ρ(A) = rk(GYA)

 is a representable matroidℳ[G]  is an -representable  
q-matroid
ℳ[G] 𝔽qm

Hamming metric codes Rank metric codes



 is representable if   is large 
enough 

 

Uk,n q

G =

1 1 ⋯ 1
α1 α2 ⋯ αn
⋮ ⋮

αk−1
1 αk−1

2 ⋯ αk−1
n

 is - representable   𝒰k,n(q) 𝔽qm ⇔ m ≥ n

G =

α1 α2 ⋯ αn

αq
1 αq

2 ⋯ αq
n

⋮ ⋮
αqk−1

1 αqk−1

2 ⋯ αqk−1

n

Existence of MDS codes/arcs Existence of MRD codes/
scattered subspaces w.r.t. 

hyperplanes



 is representable if   is large 
enough 

 

Uk,n q

G =

1 1 ⋯ 1
α1 α2 ⋯ αn
⋮ ⋮

αk−1
1 αk−1

2 ⋯ αk−1
n

 is - representable   𝒰k,n(q) 𝔽qm ⇔ m ≥ n

G =

α1 α2 ⋯ αn

αq
1 αq

2 ⋯ αq
n

⋮ ⋮
αqk−1

1 αqk−1

2 ⋯ αqk−1

n

There are matroids that are not 
representable

There are q-matroids that are 
not representable

Vamos, Peter. "On the representation of independence 
structures." Unpublished manuscript 120 (1968).

* Byrne, E., Ceria, M., Ionica, S., & Jurrius, R. 
(2024). Weighted subspace designs from q-
polymatroids. Journal of Combinatorial Theory, 
Series A, 201, 105799. 
* Gluesing-Luerssen, H., & Jany, B. (2022). q-
Polymatroids and their relation to rank-metric 
codes. Journal of Algebraic Combinatorics, 56(3), 
725-753.



Direct sum of uniform  
q-matroids



 
 

  projections onto the first  and last  coordinates

ℳi = (𝔽ni
q , ρi), i = 1,2

𝔽n
q = 𝔽n1

q ⊕ 𝔽n2
q

πi : 𝔽n
q → 𝔽ni

q , n1 n2

Ceria, M., & Jurrius, R. (2024). The direct sum of q-matroids. Journal of Algebraic 
Combinatorics, 59(2), 291-330. 



 
 

  projections onto the first  and last  coordinates

ℳi = (𝔽ni
q , ρi), i = 1,2

𝔽n
q = 𝔽n1

q ⊕ 𝔽n2
q

πi : 𝔽n
q → 𝔽ni

q , n1 n2

Direct sum  is 

 where  

ℳ1 ⊕ ℳ2

(𝔽n
q, ρ)

ρ(V) = dim(V) + min
X≤V

(ρ1(π1(X)) + ρ2(π2(X)) − dim(X))

Ceria, M., & Jurrius, R. (2024). The direct sum of q-matroids. Journal of Algebraic 
Combinatorics, 59(2), 291-330. 
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X≤V

(ρ1(π1(X)) + ρ2(π2(X)) − dim(X))

Ceria, M., & Jurrius, R. (2024). The direct sum of q-matroids. Journal of Algebraic 
Combinatorics, 59(2), 291-330. 

Gluesing-Luerssen, H., & Jany, B. (2024). Decompositions of-matroids using cyclic 
flats. SIAM Journal on Discrete Mathematics, 38(4), 2940-2970.

Associativity
Direct sum  q-matroidst



If  and  are two q-matroids  
-representable

ℳ1 ℳ2
𝔽qm

 

 

 is not -representable for every 

𝔽4 = {0,1,ω, ω + 1}

G = (1 ω 0 ω + 1
0 0 1 ω ) ∈ 𝔽2×4

4

ℳG ⊕ ℳG 𝔽2m m

Gluesing-Luerssen, H., & Jany, B. (2025). Representability of the direct sum of q-
matroids. Journal of Algebraic Combinatorics, 61(4), 51.

 is -representableℳ1 ⊕ ℳ2 𝔽qm



If  and  are two q-matroids  
-representable

ℳ1 ℳ2
𝔽qm

 and ℳ1 = 𝒰k1,n1
(q) ℳ2 = 𝒰k2,n2

(q)

Alfarano, G. N., Jurrius, R., Neri, A., & FZ. Representability of the direct sum of 
uniform q-matroids. Accepted for publication in Combinatorial Theory.

 is -representableℳ1 ⊕ ℳ2 𝔽qm?



If  and  are two q-matroids  
-representable

ℳ1 ℳ2
𝔽qm

Theorem (Alfarano, Jurrius, Neri and FZ) 
 is -representable  

There exist  and  of dimension  
and  (resp.) 

𝒰k1,n1
(q) ⊕ 𝒰k2,n2

(q) 𝔽qm ⇔
𝒮1 ≤𝔽q

𝔽k1
qm 𝒮2 ≤𝔽q

𝔽k2
qm n1

n2

 is -representableℳ1 ⊕ ℳ2 𝔽qm?
PG(𝔽k1+k2

qm , 𝔽qm)

PG(𝔽k1
qm + ⟨0⟩, 𝔽qm) PG(⟨0⟩ ⊕ 𝔽k2

qm, 𝔽qm)

L𝒮1
L𝒮2



If  and  are two q-matroids  
-representable

ℳ1 ℳ2
𝔽qm

Theorem (Alfarano, Jurrius, Neri and FZ) 
 is -representable  

There exist  and  of dimension  
and  (resp.) 

 for every hyperplane  of 
 

 for every hyperplane  of 
 

𝒰k1,n1
(q) ⊕ 𝒰k2,n2

(q) 𝔽qm ⇔
𝒮1 ≤𝔽q

𝔽k1
qm 𝒮2 ≤𝔽q

𝔽k2
qm n1

n2
dim𝔽q

(𝒮1 ∩ A) ≤ k1 − 1 A
𝔽k1

qm

dim𝔽q
(𝒮2 ∩ B) ≤ k2 − 1 B

𝔽k2
qm

 is -representableℳ1 ⊕ ℳ2 𝔽qm?
PG(𝔽k1+k2

qm , 𝔽qm)

PG(𝔽k1
qm + ⟨0⟩, 𝔽qm) PG(⟨0⟩ ⊕ 𝔽k2

qm, 𝔽qm)

L𝒮1
L𝒮2

Scattered w.r.t. the hyperplanes

Lunardon, G. (2017). MRD-codes and linear sets. Journal of 
Combinatorial Theory, Series A, 149, 1-20. 

Sheekey, J., & Van de Voorde, G. (2020). Rank-metric codes, linear sets, 
and their duality. Designs, Codes and Cryptography, 88(4), 655-675.
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 is -evasive𝒮1 ⊕ 𝒮2 (Λk1+k2−1,k1,k2
, k1 + k2 − 1)



If  and  are two q-matroids  
-representable

ℳ1 ℳ2
𝔽qm

Theorem (Alfarano, Jurrius, Neri and FZ) 
 is -representable for  

with  and 
𝒰k1,n1

(q) ⊕ 𝒰k2,n2
(q) 𝔽qm m = m1m2

ni ≤ mi gcd(m1, m2) = 1

 is -representableℳ1 ⊕ ℳ2 𝔽qm?
PG(𝔽k1+k2

qm , 𝔽qm)

PG(𝔽k1
qm + ⟨0⟩, 𝔽qm) PG(⟨0⟩ ⊕ 𝔽k2

qm, 𝔽qm)

L𝒮1
L𝒮2

L𝒮1⊕𝒮2

Construction 
 
 

 is -evasive

𝒮1 = {(x, xq, …, xqk1−1) : x ∈ 𝔽qn1}
𝒮2 = {(y, yq, …, yqk2−1) : y ∈ 𝔽qn2}

𝒮1 ⊕ 𝒮2 (Λk1+k2−1,k1,k2
, k1 + k2 − 1)
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Construction 
 
 

 is -evasive

𝒮1 = {(x, xq, …, xqk1−1) : x ∈ 𝔽qn1}
𝒮2 = {(y, yq, …, yqk2−1) : y ∈ 𝔽qn2}

𝒮1 ⊕ 𝒮2 (Λk1+k2−1,k1,k2
, k1 + k2 − 1)

Extension to 𝒰k1,n1
(q) ⊕ … ⊕ 𝒰kt,nt

(q)



Characterization of  for which m  is -representableℳ 𝔽qm ?



Napolitano, V., Polverino, O., Santonastaso, P., & Zullo, F. (2022). Linear sets 
on the projective line with complementary weights. Discrete Mathematics, 
345(7), 112890.

Existence of  s.t.   and 
                                             
                                            if 

S, T ≤𝔽q
𝔽qm LS×T = {⟨(s, t)⟩𝔽qm : s ∈ S, t ∈ T}

wLS×T
(⟨(s, t)⟩𝔽qm) = dim𝔽q

((S × T) ∩ ⟨(s, t)⟩𝔽qm) ≤ 1
st ≠ 0

Corrado’s talk!

Characterization of  for which m  is -representableℳ 𝔽qm ?
𝒰1,n1

(q) ⊕ 𝒰1,n2
(q)



Napolitano, V., Polverino, O., Santonastaso, P., & Zullo, F. (2022). Linear sets 
on the projective line with complementary weights. Discrete Mathematics, 
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In conclusion…
* Representability of the direct sum of uniform q-matroids 

* Open: to find the smallest extension field required for the 
representability of the direct sum of uniform q-matroids

More on the existence of -evasive(Λk−1,k1,k2
, k − 1)

* Open: what about the direct sum of other classes of representable 
    q-matroids?
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