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Matroids vs q-Matroids



Matroid q-Matroid

A 18 a pair ([n], ) where r: 2" — 7 A 18 a pair (F/, p) where
VA, B C [n] p: L(F!) — Z VA, B € L(F))

(rl) (Boundness) 0 < r(4) < |A| (rl) (Boundness) 0 < p(4) < dim(A)
(r2) (Monotonicity) (r2) (Monotonicity)

ACB=r(A) <rB) A CB= p(A) < p(B)

(r3) (Submodularity) (r3) (Submodularity)
"AUB)+rANB) <rA)+ r(B) (A +B) + p(ANB)< p(A) + p(B)

Rank of .: r([n]) Rank of .Z: p(F))

Jurrius, R. R M. J., and 6. R. Pellikaan.
“Defining the g-analogue of a matroid:.' The
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Alfarano, Byrne, Ceria, Gluesing-Luerssen,
Jany, Jurrius and Pellikaan...




Matroid

A 18 a pair ([n],r) where r: 2I" - 7
VA,B C |n]

(rl) (Boundness) 0 < r(A) < |A|
(r2) (Monotonicity)

A C B = r(A) < r(B)

(r3) (Submodularity)

"AUB)+ r(ANB) < rA) + r(B)

Example: Uniform matroid U,

Uy, = ([n],r), where
(A) = min{ [A|,k}, VA C [n]

q-Matroid

A 18 a pair (F, p) where
p: () - Z VA, B € Z(F)
(r1) (Boundness) 0 < p(A) < dim(A)

(r2) (Monotonicity)

AC B = p(A) < p(B)
(r3) (Submodularity)
p(A+B)+p(AnB) < p(A) + p(B)

Example: Uniform g-matroid %, ,(9)

CZlk,n(Q) 7 (l]:Za /0): Where
p(A) = min{dim(A), k}, VA € Z(F))




Example: g-Matroids from codes

Example: Matroids from codes
G € Fo

M|G] = (Z(F)), p) where

VA & E(FZ) consider colspan(Y W =A
p(A) = 1k(GY,)

G=(G"-G"eFX
MG = ([n], r) where
1r(A) =1k(G*: s € A), VA C [n]

MG]is anF_,~representable

A[G] is a representable matroid

g-matroid

Hamming metric codes Rank metric codes



Uy, 1S representable if 4 is large U, (@) 18 F,~ representable < m > n
enough

Existence of MDS codes/ares Existence of MRD codes/
scattered subspaces w.ri.

hyperplanes




Uy, 18 representable if 4 is large
enough

There are matroids that are not
representable

Vamos, Peter. “On the representation of independence
structures:' Unpublished manuscript 120 (1968).

U (q) 18 = representable < m > n

There are g-matroids that are
not representable

Byrne, E., Ceria, M., lonica, S., & Jurrius, R.
(2024). Weighted subspace designs from q-
polymatroids. Journal of Combinatorial Theory,
Series A, 201, 105799.

Gluesing-Luerssen, H., & Jany, B.(2022). -
Polymatroids and their relation to rank-metric
codes. Journal of Algebraic Combinatorics, 56(3),

125-7193.




Direct sum of uniform
q-matroids




x M =F >
* m;: F) — F;, projections onto the first », and last », coordinates

Ceria, M., & Jurrius, R. (2024). The direct sum of g-matroids. Journal of Algebraic
Combinatorics, 99(2), 291-330.




x M =F >
* m;: F) — F;, projections onto the first », and last », coordinates

Direct sum .#, @ 4, i$

(F}, p) where

p(V) = dim(V) + I;ljlvl(ﬂl(ﬂl(X)) + pr(my(X)) — dim(X))

Ceria, M., & Jurrius, R. (2024). The direct sum of g-matroids. Journal of Algebraic
Combinatorics, 99(2), 291-330.




x M =F >
* m;: F) — F;, projections onto the first », and last », coordinates

Direct sum .7, @ 4, is

(F}, p) where

p(V) = dim(V) + I)gl‘}(ﬂl(%(x)) + o (m(X)) — dim(X))

Ceria, M., & Jurrius, R. (2024). The direct sum of g-matroids. Journal of Algebraic
Combinatorics, 99(2), 291-330.

Associativit
Gluesing-Luerssen, H., & Jany, B. (2024). Decompositions of-matroids using cyclic : Z -
flats. SIAM Journal on Discrete Mathematics, 38(4), 2940-2970. Direct sum ¢ q-maty oids



It .2, and .%, are two qg-matroids

F.~representable M\ @ M, 1S F ~representable

F, = 10,l,0,w + 1}

M ® M 18 not F,,.~representable for every m

Gluesing-Luerssen, H., & Jany, B. (2025). Representability of the direct sum of g-
matroids. Journal of Algebraic Combinatorics, 6 1(4), 5 1.




It .2, and .%, are two qg-matroids
F .~representable

A M\ & M, i8 F.~representable

@

%1 — %klanl(q) a"d %2 — %kz,nz(Q)

Alfarano, 6. N., Jurrius, R., Neri, A., & FZ. Representability of the direct sum of
uniform g-matroids. Accepted for publication in Combinatorial Theory.




It .2, and .%, are two qg-matroids
F .~representable

A M\ & M, 18 F_~representable

4 ki +k
1 2
PG(EL )
Theorem (Alfarano, Jurrius, Neri and FZ)
U (@) ® Uy, (@) 18 F ~representable <
There exist &, <; F',and 8, <; F>, of dimension »,
and n, (resp.)

kl k2
PG(FS, +(0).F,.)  PG((0) ® F3,F,.)




It .2, and .%, are two qg-matroids
F .~representable

A M\ & M, 18 F_~representable

¢ k. +k
PG([FQL@ %, Fym)

Theorem (Alfarano, Jurrius, Neri and FZ)
U (@) ® Uy, (q) 18 F~representable <

There exist &, <; F\,and 8, <. F, of dimension »,
and n, (resp.)

dlm[F (S, N A) <k, — 1 for every hyperplane A of
[Fkl '

kl k2
PG(FS, +(0).F,.)  PG((0) ® F3,F,.)

. dlm[F (S»0 B) < k, — 1 for every hyperplane B of
[|:k2 ~f'

Lunardon, 6. (2017). MRD-codes and linear sets. Journal of
Combinatorial Theory, Series A, 149, 1-20.

Sheekey, Jd., & Van de Voorde, G. (2020). Rank-metric codes, linear sets,
sca”ered W.LT. '"10 hyperp la"es and their duality. Designs, Codes and Cryptography, 88(4), 655-675.




It .2, and .%, are two qg-matroids
F .~representable

Theorem (Alfarano, Jurrius, Neri and FZ)
U (@) ® Uy, (q) I8 F .~representable <

There exist &, <; F and &, <; F> of dimension »,
qg 4 qg 4

and n, (resp.)
® dimg (S, NA) <k — 1 for every hyperplane A of

Pyl
%
® dimg ($,NB) <k, — 1 for every hyperplane 5 of
[
qm
® dimg (S, ® S, N H) <k +k, — 1 for every
hyperplane  of F/." st F!, & (0),(0) ® F, £ H

@

ky
PG(F ), + 0), F )

A M\ & M, i8 F.~representable

k,+k
PG(F“%, F,,)

k2
PG(<O> @ ”:qma [qu)
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Theorem (Alfarano, Jurrius, Neri and FZ)
U (@) ® Uy, (q) I8 F .~representable <
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ky
PG(F ), + 0), F )

PG(H, F,.)

A M\ & M, i8 F.~representable

k,+k
PG(F“%, F,,)

k2
PG(<O> @ ”:qma [qu)
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It .2, and .%, are two qg-matroids
F .~representable

A M\ & M, i8 F.~representable

¢ k. +k
PG ([Fqin %, Fym)

Theorem (Alfarano, Jurrius, Neri and FZ)
U (@) ® Uy, (q) I8 F .~representable <

There exist &, <; F and &, <; F> of dimension »,
qg 4 qg 4

and n, (resp.)
® dimg (S, NA) <k — 1 for every hyperplane A of

=
qm

ki Ky
PG([I:qm + <O>9 [qu) PG(<O> @ H:qma ”:qm

e dim(S,n B) < k, — 1 for every hyperplane B of
Fr
qm
® dimg (S, @ S, N H) <k +k, — 1 for every
hyperplane  of F/." st F!, & (0),(0) ® F, £ H

S1® SHI8 (Ap 111440 K1 + ky — 1)-evasive



It .2, and .%, are two qg-matroids
F .~representable

A M\ & M, i8 F.~representable

¢ k. +k
PG ([Fqin %, Fym)

Theorem (Alfarano, Jurrius, Neri and F2)
U (@) ® U, . (q) 1S F ~representable for m = m m,
with n, < m. and gcd(m,,m,) = 1

kl k2
PG(FS, +(0).F,.)  PG((0) ® F3,F,.)

Construction
o =K (x; ...,qurl): x € Fn}

kr—1
$H = {0, y% i y?” )iy € F u)

8B SHI8 (Ap 1h_1k 10k + ko — 1)-eVASIVE




It .2, and .%, are two qg-matroids
F .~representable

A M\ & M, i8 F.~representable

¢ k. +k
PG ([Fqin %, Fym)

Theorem (Alfarano, Jurrius, Neri and F2)
U (@) ® U, . (q) 1S F ~representable for m = m m,
with n, < m; and ged(m, m,) = 1

kl k2
PG(FS, +(0).F,.)  PG((0) ® F3,F,.)

Construction
o =K (x; ...,qul_l): x € Fn}

kr—1
$H = {0, y% i y?” )iy € F u)

8B SHI8 (Ap 1h_1k 10k + ko — 1)-eVASIVE

Extensionto %, , (9)® ... ® %, ,(9)




Characterization of . for which .Z is F_.-representable 7
>



Characterization of . for which .Z is F_.-representable 7

|
%l,nl(Q) @ %l,nz(Q)
# EXiSfGI’lOe Of S, T S[Fq I]:qm S.T. LSXT — {<(S, t)>[|:qm: L= S,t = T} and
WLSxT(<(S’ t)>[|:qm) = dimﬂ:q((S X T) N <(S, t))u:qm) < |
ifst#0

Napolitano, V., Polverino, 0., Santonastaso, P, & Zullo, k. (2022). Linear setfs
on the projective line with complementary weights. Discrete Mathematics,

Corrado’s talk!

345(7). 112890,




Characterization of . for which .Z is F_.-representable 7

|
%l,nl(Q) D %l,nz(Q)
# EXiSfeﬂce Of S, T S[Fq I]:qm 8."'. LSXT — {<(S, t)>[|:qm: L= S,t = T} and
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Napolitano, V., Polverino, 0., Santonastaso, P, & Zullo, k. (2022). Linear setfs
on the projective line with complementary weights. Discrete Mathematics,

345(7). 112890,
m i$ even and m > 2 max{n,,n,} Corrado’s talk!




Characterization of . for which .Z is F_.-representable 7

|
%1,711(Q) D %l,nz(Q)
# EXiSfeﬂce Of S, T S[Fq [I:C]m 8."'. LSXT — {<(S, t)>[|:qm: L= S,t = T} and
WLSxT(<(S’ t)>[|:qm) = dimﬂ:q((S X T) N <(S, t)>[|:qm) < |
ifst#0

Napolitano, V., Polverino, 0., Santonastaso, P, & Zullo, . (2022). Linear sets
on the projective line with complementary weights. Discrete Mathematics,

345(7). 112890,
m is even and m > 2 max{n,,n,) Corrado’s talk!

2l Neri, A., & Stanajkovski, M. (2024). A proof of the Etzion-Silberstein
Other conditions conjecture for monotone and MDS-constructible Ferrers diagrams.
Journal of Combinatorial Theory. Series A. 208. 105937,




Characterization of . for which .Z is F_.-representable 7

|
ot | %1,n1(Q) D %1,@(@)
flx) = 2 ax? € FmlX]
- D(f) = {(.fx),0): x €F,.}  PGR.q")

() ={(x,f(x),]): x & [qu}




Characterization of . for which .Z is F_.-representable 7
*
%1,n1(Q) @ %l,nz(Q)

i) = TGS AT aRES u(x? — anH) € [ jonlx]
D(f) = 1% f(x),0): x €F .} PG(2,4™)

lol S

\/
)/ g"-secant line "Il‘

0/g-secant lines

Z(f)={(x,f(x),]): x € [qu}



Characterization of . for which .Z is F_.-representable 7
Q
%L”l(Q) @ %l,nz(Q)
f(x) = an_l T qun_l + plxt — anH) & L'qzn[X]
Smaldore V., Zanella C. And

e, SN S _______ H
polynomials. TV o0 s AN

Ongoing project. ’vl
S — /q”-secant line "‘

Santonastaso, R (2025). Completely decomposéﬁﬁank:metric codes.
Linear Algebra and its A‘ppligajio}ns 726, 371-404.

0/g-secant lines

b B SY

S(f) = {(.fx).1): x EF,,)



Pelsarte duality and direct
sum of uniform
q-matroids




Delsarte duality
L is an I ~linear set of rank » in PG(k — 1,¢4™)

A = PGk — 1,¢g™)

Ly

Lunardon, 6., & Polverino, 0. (2004). Translation ovoids in orthogonal polar

spaces. Forum Mathematicum (Vol. 16, pp. 663-669).



Delsarte duality
L is an I ~linear set of rank » in PG(k — 1,¢4™)

q")
PG(n — 1,g™)

Lunardon, 6., & Polverino, 0. (2004). Translation ovoids in orthogonal polar
spaces. Forum Mathematicum (Vol. 16, pp. 663-669).



Delsarte duality
L is an I ~linear set of rank » in PG(k — 1,¢4™)

q")
PG(n — 1,g™)

Lunardon; 6., & Polverino, 0. (2004). Translation 6voids in orthogonal polar
spaces. Forum Mathematicum (Vol. 16, pp. 663-669).



Delsarte duality
L is an I ~linear set of rank » in PG(k — 1,¢4™)

jriseE PrOjr,A(Z)

PG(n — 1,g™)

Lunardon; 6., & Polverino, 0. (2004). Translation 6voids in orthogonal polar
spaces. Forum Mathematicum (Vol. 16, pp. 663-669).



Delsarte duality
L is an I ~linear set of rank » in PG(k — 1,¢4™)

|:| I'=PG(n—-k-—|,g") Tt pO'&Y"Y of PG(n — 1,g9)
(1)

t — polarity of PG(n — 1,4™)
(1)

q")

Csajbok, B., Marino, 6., Polverino, 0., & FZ (2021). Generalising the
scattered property of subspaces. Combinatorica, 41(2), 237—26;.
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Delsarte duality
L is an I ~linear set of rank » in PG(k — 1,¢4™)

— 1.g™) v — polarity of PG(n — 1,9)
(L)

t — polarity of PG(n — 1,4™)
(1)

U“is called the Delsarte dual of U

q")
PG(n — 1,g™)

Csajbok, B Marino, G., Polveriné, 0.6FZ(202 l) Generalising the

scattered property of subspaces. Combinatorica, 41(2), 237-262.



- Borello M Polverino 0. And FZ. Delsarte duality';msubspaces and
Delsarte dualn‘y applications to rank-metric codes and q-matroids. Ongoing project.

PG(F, + (0),F,.)  PG((0) ¢

n=n1+n2, k=k1+k2



Borello M Polverino 0. And FZ. Delsarte duality’on"subspaces and

Delsarie duality applications to rank-metric codes and g-matroids. Ongoing project.
PG(M;];,; 4, F ) PG(E e |

PG(F), + (0),F,.)  PG((0) &

PG(F),7 +(0), F,..) PG({0) €

Delsarte dual

_—

(Ak—l,kl,kz’ k — 1)"3‘133"[0 (An—k—l,nl—kl,nz—kza K 1)-eva3ive

n=n1+n2, k=k1+k2



Borello M., Polverino 0. And FZ. Delsarte duality on subspaces and

Delsarte dualiiy applications to rank-metric codes and q-matroids. Ongoing project.
K+, ny+1,—k—k,
PG(F5*, F, ) PG(F"; )

PG(F}, +(0),F,.)  PG((0) ®

n,—k 1,—k
PG(F't™ +(0),F,.) PG((0) @ F27, F,.)

Delsarte dual

—

Theorem (Borello, Polverino and F2)

Ui (@ ® ... 0 U ,(q)I8F, ~representable = %, , ,(¢9)®...® %, . ,(9) I8 F ~representable
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* QOpen: to find the smallest extension field required for the
representability of the direct sum of uniform g-matroids
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In conclusion...

* Representability of the direct sum of uniform g-matroids

* QOpen: to find the smallest extension field required for the
representability of the direct sum of uniform g-matroids

> More on the existence of (A,_, , ..k — 1)-evasive

* Open: what about the direct sum of other classes of representable
g-matroids?
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